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ABSTRACT
Recent and upcoming experimental data as well as the possibility of rich phenomenology
have spiked interest in studying the quantum effects in cosmology at low (inflation-era,
typically four orders of magnitude lower than Planck scale) energy scales. While Planck scale
physics is under development, it is still possible to incorporate quantum gravity effects at
relatively low energies using the framework of Quantum Field Theory in Curved Spacetime.
It serves as a low-energy limit of Planck scale physics, making it particularly useful for
studying physics in the early universe. One of the approaches to find covariant quantum
corrections is the DeWitt-Vilkovisky’s (DV) covariant effective action formalism that is gauge
invariant and background field invariant.
We use the DeWitt-Vilkovisky method to study formal and cosmological aspects of quan-
tum fields in curved spacetime, and take initial steps towards studying quantum gravitational
corrections in cosmological setting. The thesis comprises of mainly two parts. We first study
the formal aspects of rank-2 antisymmetric tensor field which appear in the low energy limit
of superstring models and are thus relevant in the early universe, in particular the quan-
tization and quantum equivalence properties, for the case with and without spontaneous
Lorentz violation. The effective action is generalized for gauge theories whose gauge pa-
rameters possess additional symmetries. When used in the case of spontaneously Lorentz
violating antisymmetric tensor field model, it is found that classical equivalence with a vector
theory breaks down at one-loop level due to the presence of Lorentz violating terms. The
final chapter of this thesis is devoted to taking first steps towards exploring applications of
DV method in early universe cosmology. We calculate perturbatively the covariant one-loop
quantum gravitational effective action for a scalar field model inspired by the recently pro-
posed nonminimal natural inflation model. The effective potential is evaluated taking into
account the finite corrections, and an order-of-magnitude estimate of the one-loop correc-
tions reveals that gravitational and non-gravitational corrections have same or comparable
magnitudes.
Keywords: one-loop effective action, covariant quantum corrections, antisymmetric tensor
field, inflation, quantum gravitational corrections
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Chapter 1
Introduction
In this chapter, we introduce the background and general motivations for this thesis. Sec.
1.1 contains an introduction to the thesis. In Sec. 1.2, we review the covariant effective
action formalism, which forms the basis of this thesis.
1.1 Motivations
When Newton first published a comprehensive theory of gravity way back in 1687 [1], little
was known about what other forces exist in nature. More than three centuries later, we
now know that gravity is one of the four fundamental forces of nature. In fact, Newtonian
gravity is a low length-scale 1 approximation of general relativity, developed by Einstein
in early twentieth century, which describes gravity as a consequence of the geometry of
spacetime and its relation to the energy-momentum tensor of matter. Ironically however,
gravity is also the least understood of all, especially since we lack an understanding of gravity
at energies close to Planck scale. A major hindrance is our inability to successfully quantize
gravity. Unlike the other three fundamental forces, namely the electromagnetic, strong and
weak forces which come within the purview of Standard Model [2], the energy scale at which
quantum gravity effects might become relevant (Planck scale) is much higher than what is
attainable in laboratory, for example with the LHC. Hence, any theoretical formulation of
quantum gravity is untestable and consequently there exist several competing theories for
quantizing gravity, such as string theory and loop quantum gravity.
1Newtonian gravity is valid in the solar system length scale.
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Moreover, due to the smallness of gravitational constant, according to effective field the-
ory treatment it should be possible to obtain perturbative quantum corrections to gravity at
low energy scales (compared to Planck scale) which are in principle more accurate than quan-
tum electrodynamics or quantum chromodynamics (see Ref. [3] for a comprehensive review).
Unfortunately, efforts towards quantizing gravity perturbatively have failed to consistently
absorb the divergences, giving rise to non-renormalizability. In the past two decades or so, a
more modern view has developed where general relativity is studied as a quantum effective
field theory at low energies [4]. This treatment allows separation of quantum effects from
known low energy physics from those that depend on the ultimate high energy completion
of the theory of gravity (see Ref. [5] for a review by Donoghue and Holstein).
One of the well-known methods employed in such studies is to compute the effective
action, which is known to be the generator of 1PI diagrams [6, 7]. An advantage of this
technique is that one can directly obtain divergence structure at a given loop order, without
going through the hassle of summing over individual Feynman diagram contributions. Other
applications include the calculation of effective potential [8]. The computation of effective
action is most commonly carried out using the background field method, where small fluc-
tuations about a classical background field are quantized, not the total field. In general, it
turns out that the results consequently depend on the choice of background field [9–11]. In
case of gravity, which is treated as a gauge theory, it is therefore important to ensure that
there are no fictitious dependence of conclusions on the choice of gauge and background.
The subject of this thesis is to systematically develop the computation of one-loop effec-
tive action for theories relevant in the early universe using DeWitt-Vilkovisky’s approach
that yields gauge and background independent effective action [12–18]. Moreover, features
such as frame independence can be introduced in this formalism by taking into account the
conformal transformations in addition to field reparametrizations [19–22], making it an ideal
tool to study quantum gravitational effects in the context of spontaneously Lorentz-violating
models of antisymmetric fields, and other cosmological models in general.
In what follows, we will briefly review the antisymmetric tensor fields which are the sub-
ject of next two chapters, and inflationary cosmology which inspires the final chapter. In the
next section, we review the effective action formalism used throughout this work. In chapter
2
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2, we set up the formalism to write the effective action of theories where gauge parameters
have additional symmetries, and apply it to the case of rank-2 antisymmetric tensor field.
In chapter 3, we compute the one-loop effective action for a spontaneously Lorentz violating
model of antisymmetric tensor field, in a nearly flat spacetime while keeping gravitational
perturbations classical. In chapter 4, we include quantum gravitational corrections in the
computation of effective action and effective potential for a scalar field model inspired by
nonminimal natural inflation.
1.1.1 Antisymmetric Tensors
Antisymmetric tensor field appears in most superstring theories in the low-energy limit
corresponding to four dimensional spacetime [23,24]. They have been studied in the past in
several contexts, including strong-weak coupling duality and phase transitions [25–33]. In the
recent past, interest has grown towards studying 2−forms (and, by extension n−forms) in
the context of early universe physics. There are no observational signatures of antisymmetric
fields in the present universe [34], but it has been shown that 2−forms might play a significant
role in the early universe [35]. This line of thought along with challenges faced by scalar
and vector models of primordial inflation has fuelled exploration of inflation models driven
by antisymmetric tensors [35–39], and is under active development.
A majority of this thesis focuses on the formal aspects of antisymmetric tensors, and is
inspired by the work carried out by Altschul et al. [40], where spontaneous Lorentz viola-
tion with various rank-2 antisymmetric field models minimally and non minimally coupled
to gravity was investigated. A remarkable feature of that study is the presence of distinc-
tive physical features with phenomenological implications for tests of Lorentz violation, even
with relatively simple antisymmetric field models with a gauge invariant kinetic term. More
recently, quantization and propagator for such theories have been studied in Refs. [41, 42].
Lorentz violation is also a strong candidate signal for quantum gravity, and is part of the
Standard Model Extension research program [43]. Such interesting phenomenological pos-
sibilities have been a strong motivation for various works on spontaneous Lorentz violation
(SLV) [44–53].
Antisymmetric tensors, and n−forms in general, also display interesting properties with
3
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regard to their equivalence with scalar and vector fields. For instance, in four dimensions
theory of a massless 2-form field (with a gauge-invariant kinetic term) is classically equivalent
to a massive nonconformal scalar field, while a massless 3-form theory does not have any
physical degrees of freedom (see [54] and references therein). Likewise, a massive rank-2 anti-
symmetric field is classically equivalent to a massive vector field, and a rank-3 antisymmetric
field is equivalent to massive scalar field [54]. Such properties are useful in the analysis of
degrees of freedom of these theories [40]. Classical equivalence implies that the actions of two
theories are equivalent. However, quantum equivalence is established at the level of effective
actions, and it is in general not straightforward to check especially in curved spacetime.
Moreover, classical equivalence between two theories does not necessarily carry over to the
quantum level, particularly in the case of spontaneously broken Lorentz symmetry [42, 55],
and thus makes for an interesting study.
Quantum equivalence in the context of massive rank-2 and rank-3 antisymmetric fields
in curved spacetime, without SLV, was first studied by Buchbinder et al. [54] and later
confirmed in Ref. [56]. The proof of quantum equivalence in Ref. [54] was based on the
zeta-function representation of functional determinants of p-form Laplacians appearing in
the 1-loop effective action, and identities satisfied by zeta-functions for massless case [57–
59]. Quantum equivalence results from these identities generalized to the massive case. In
flat spacetime though, the proof is trivial as operators appearing in the effective action
reduce to d’Alembertian operators due to vanishing commutators of covariant derivatives
and equivalence follows by taking into account the independent components of each field.
In the subsequent chapters, we consider two simple models of rank-2 antisymmetric field
minimally coupled to gravity: first with a massive potential term upon which we apply the
general quantization procedure developed in Chapter 2; and then with the simplest choice of
spontaneously Lorentz violating potential [40] to investigate its equivalence properties. Its
classical equivalence was studied in Ref. [40] in terms of an equivalent Lagrangian consisting
of a vector field Aµ coupled to auxiliary field Bµν in Minkowski spacetime. Our interest is
to take first steps to extend the classical analysis in Ref. [40] to quantum regime. However,
checking the quantum equivalence of such classically equivalent theories is not straightfor-
ward, in flat as well as curved spacetime. We find that the simple structure of operators
4
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breaks down due to the presence of SLV terms. As a result, the difference of their effective
actions does not vanish in Minkowski spacetime, contrary to the case without SLV. However,
this does not threaten quantum equivalence due to a lack of field dependence in the effective
actions, which will therefore cancel after normalization.
In curved spacetime, making a conclusive statement about quantum equivalence is a
nontrivial task for the following reasons. First, directly comparing effective actions using
known proper time methods as in Ref. [56] is a difficult mathematical problem. Unlike
the minimal operators (of the form gµν∇µ∇ν + Q, where Q is a functional without any
derivative terms) found in [54] for instance, we encounter nonminimal operators in functional
determinants of the effective action, for which finding heat kernel coefficients to evaluate the
determinants is a highly nontrivial task. Second, the formal arguments made in Ref. [54]
do not apply to the present case due to the non-trivial structure of operators appearing in
effective actions. Therefore, we adopt a perturbative approach wherein the effective action
is computed in a nearly flat spacetime perturbatively in orders of the (classical) metric
perturbations.
1.1.2 Quantum Gravity and Inflationary Cosmology
More recently, with the availability of high precision data from experiments probing the early
universe, especially inflation era, it has become important to consider quantum gravitational
corrections in early universe cosmology [60–62]. This has motivated several studies of aspects
of quantum gravitational corrections in inflationary universe, see for example Refs. [63–71].
Here, we touch upon some motivations for the work carried out in fourth chapter.
The most phenomenologically accessible information about the early universe comes from
a nearly uniform background electromagnetic radiation dating back to the epoch of recom-
bination, known as the cosmic microwave background (CMB) [72–74]. The surprisingly
uniform nature of CMB, among other problems (namely the flatness of early universe), is
explained by a paradigm called inflation, first introduced by Guth [75]. This proposal has
since led to more than three decades of effort to build models of inflation that fit well with
the observed CMB data (see Ref. [76] for a review). The simplest models of inflation con-
sist of one or more scalar fields driving the inflation. With the advent of high-precision
5
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observational data (like the recent Planck 2018 results [77]), majority of scalar field driven
inflation models have been ruled out while the ones in agreement are tightly constrained.
More recently, new set of theoretical conditions called the Swampland criteria arise from the
requirements for any effective field theory to admit string theory UV completion [78–82],
and further constrain scalar field potentials. For a comprehensive review, see Ref. [83].
Among the theories not involving scalar fields, in particular those with vector fields
[84–88], constructing successful models is often marred by ghost and gradient instabilities
[89,90] that lead to unstable vacua. Inflation with non-Abelian gauge fields have been shown
to be free from these instabilities [91–94], but are in tension with Planck data and hence
ruled out [95]. In the recent past, inflation models with rank-2 antisymmetric tensor fields
have been explored [35–39] and efforts are on to perform phenomenological studies in the
near future [96].
The CMB, and hence the physics of inflation, is one of the very few realistic avenues
of detecting quantum gravity signatures [3]. We are far off from the possibility of probing
energy scales of quantum gravity (Planck scale) in laboratory, but it may be possible to
detect these in the primordial gravitational waves generated during the phase of inflation
in near future [3, 62, 97], since the energy scales during inflation era ( 1016GeV ) is high
enough for perturbative quantum gravity effects to be relevant 2. This is possible because
the massless graviton modes (a direct consequence of quantum gravity) produced during
inflation were frozen when they crossed the cosmic horizon. These modes re-entering the
horizon today, if detected, would confirm the existence of quantum gravity.
Among the approaches for studying perturbative quantum gravitational corrections are
the diagrammatic calculations in the EFT framework pioneered by Donoghue [4] (See also
Ref. [98] for calculation of correction to Newtonian potential) used to study UV correc-
tions, and the deep IR corrections using the approach developed by Woodard and collabora-
tors [62, 99, 100]. We use the covariant effective action approach (see Ref. [101] for a recent
example) that yields quantum gravitational corrections including off-shell contributions, un-
2From dimensional analysis in the natural units, it can be seen that perturbative quantum gravitational
corrections should be suppressed by a factor of GE2, where G is the gravitational constant and E is the
energy scale. To overcome the smallness of G, one thus has to increase E.
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like non-covariant methods3. As a starting step, we perform the calculations in a Minkowski
background.
1.2 Covariant Effective Action Formalism
In this section, we review the formalism used throughout this thesis largely inspired by
Parker and Toms [14]. We begin with introducing the condensed or geometric notations
introduced by DeWitt [12] to write a gauge- and background- independent effective action.
1.2.1 Geometric notations
Invariance of the effective action under coordinate transformations and field redefinitions is
effected by going to the space of fields with field components as the coordinates in field space.
In DeWitt’s condensed notation [15], field components are denoted by local coordinates ϕi
in field space. The index i in field space corresponds to all gauge indices and coordinate
dependence of fields.
All the field components (variables) in the action are represented by ϕi. For example,
if a field variable Aµ(x) is denoted by ϕi in field space, then i is mapped to both the
tensor index and coordinate index i.e. i −→ (µ, x). Similarly, a set of multiple fields like
φ(x), Aµ(x), hµν(x) when represented by ϕi in the condensed notation, implies that i runs
over indices of all fields i.e. {x}, {µ, x}, {µν, x}. The Einstein summation convention still
follows here, which implies that repeated (or contracted) indices in the condensed notation
represent a sum over all the associated gauge or tensor indices and integral over all coordinate
indices, i.e.
gijv
iwj =
∫
dnxdnx′gIJ(x, x′)vI(x)wJ(x′). (1.1)
The Dirac δ-distribution in field space is defined as
δij = |g(x′)|1/2δIJδ(x, x′) ≡ δIJ δ˜(x, x′), (1.2)
where, δ˜(x, x′) transforms as a scalar in first argument, and scalar density in second argument.
3The diagrammatic computations of one-loop gravitational corrections in the past have been non-
covariant, for instance in Ref. [102]. However, the issue of covariance only arises when off-shell effects
are considered, for example in [68].
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This definition of δ˜(x, x′) carries over to the field space Dirac δ-distribution as well. The
functional derivative is given by
ϕi,j ≡
δϕI(x)
δϕJ(x′) = |g(x
′)|1/2δIJδ(x, x′) = δij. (1.3)
A metric gij can be defined in the field space with properties analogous to the spacetime
metric: gijgjk = δki . Analogous to the coordinate space treatment the structure of field-space
metric can be read off of the invariant length element in field space,
ds2 = gijdϕidϕj. (1.4)
As an example, let us consider the case of electromagnetic theory with the action,
S[A] = −14
∫
d4xFµνF
µν , (1.5)
where Fµν = ∂µAν − ∂νAµ. The field-space length element can be written as,
ds2 =
∫
d4x
∫
d4x′Gµν(x, x′)dAµ(x)dAν(x′). (1.6)
The simplest choice for field-space metric Gµν(x, x′) is,
Gµν(x, x′) = |g(x)|1/2gµν(x)δ˜(x, x′); (1.7)
where gµν(x) is the spacetime metric. In principle, other choices of field space metric are
possible but would necessitate the introduction of extra dimensional parameters to balance
the dimensions on both sides4 of Eq. (1.6) [14]. According to Vilkovisky’s prescription [17,18]
the field space metric can be read off from the highest derivative terms in the classical action
functional; for the electromagnetic theory, this prescription can be seen to lead to Eq. (1.7).
For any field-space metric gij, the Christoffel connections are defined as,
Γkij =
1
2g
kl(gil,j + glj,i − gij,l). (1.8)
4The dimension of ds2 is conventionally chosen to be length-squared.
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Since we will be dealing with covariant quantities in our calculations, we will denote the
invariant volume element
√
−g(x)dnx with dvx henceforth (g(x) is the determinant of space-
time metric).
A gauge transformation is given by
δϕi = Kiα[ϕ]δα, (1.9)
where α is the gauge parameter and Kiα are generators of gauge transformation. For a
covariant field-space calculation, one needs to use covariant intervals σi[ϕ∗;ϕ], which are a
generalization of flat field space intervals ϕi − ϕi∗ (where ϕi∗ are fixed points in field space)
and are defined as,
σi[ϕ∗;ϕ] = gij
δ
δϕj
σ[ϕ∗;ϕ], (1.10)
where σ[ϕ∗;ϕ] is the geodetic interval defined as,
σ[ϕ∗;ϕ] =
1
2(length of geodesic from ϕ
i
∗ to ϕ
i)2.
1.2.2 Effective Action
The Feynman path integral constitutes the fundamental object in quantum field theory that
leads to observable quantum properties of a theory. Also known as transition amplitude
in scattering theory, or partition function in the statistical physics nomenclature, the path
integral has the following form:
Z[J ] =
∫
Dϕei(S[ϕ]+
∫
d4xJϕ), (1.11)
where J(x) is the source for field ϕ(x). In the limit J → 0, Z[J ] generates the usual green’s
function. Similarly the generator of connected green’s functions, W [J ], is defined as5
exp (iW [J ]) ≡ Z[J ]. (1.12)
5See Chap. 2 of Ref. [6] for a nice introduction.
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Effective action, Γ[ϕ¯], is the generator of one-particle irreducible (1PI) diagrams and is
defined by the Legendre transform of W [J ] that replaces dependence on J(x) in favour of
the mean field ϕ¯,
Γ[ϕ] = W [J ]− Jiϕi; (1.13)
where
ϕ¯i ≡ 〈ϕi〉[J ] = δW [J ]
δJi
. (1.14)
Notice that due to Eq. (1.14), the effective action by definition acquires a dependence on
a new field ϕ¯i in addition to the fields in action S[ϕ], which in most calculations is the
background field around which the theory is quantized. This is precisely the motivation for
a covariant formalism that gets rid of background field dependence.
The expression of effective action in terms of fields and action is given by,
exp
(
iΓ[φ¯]
)
= N
∫
Dφ exp
{
iS[φ] + i(φ− φ¯)Γ,φ[φ¯]
}
(1.15)
The above expression is not generally invariant under coordinate transformations and field re-
parametrizations, both of which are natural requirements for a physical theory. Moreover, the
treatment of gauge theories using the Faddeev-Popov method in (1.15) leads to a background
and gauge condition dependent effective action [6]. A covariant effective action, free of gauge
and background dependence was achieved by DeWitt [12, 13, 15, 16] and Vilkovisky [17, 18]
is derived using the geodetic intervals defined in Eq. (1.2.1) and has the form,
exp (iΓ[ϕ¯;ϕ∗]) =
∫
dµ[ϕ∗;ϕ] exp i
[
S[ϕ] + δΓ[ϕ¯;ϕ∗]
δσi[ϕ∗; ϕ¯]
(σi[ϕ∗; ϕ¯]− σi[ϕ∗;ϕ])
]
. (1.16)
The functional measure dµ[ϕ¯;ϕ∗] is given by,
dµ[ϕ∗;ϕ] =
(∏
i
dϕi|g(ϕ)|1/2|∆[ϕ∗;ϕ]|
)
; (1.17)
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where,
∆[ϕ∗;ϕ] = |g(ϕ∗)|−1/2|g(ϕ)|−1/2 det(−σ;ij′ [ϕ∗, ϕ]). (1.18)
Here, ; ij′ represents covariant derivative with respect first argument (unprimed index) fol-
lowed by second argument (primed index). Notice the presence of ϕ∗, which is an arbitrary
background field in the vicinity of ϕ and is key to the background independence of Γ[ϕ¯;ϕ∗].
Clearly, Γ[ϕ¯;ϕ∗] cannot be computed exactly due to its presence on both sides of Eq. (1.16).
Therefore, the effective action is evaluated perturbatively, in orders of number of loops, as
follows. In Eq. (1.16), the action S[ϕ] is rewritten as a functional of ϕ∗ and σi[ϕ∗;ϕ], and
Taylor expanded about vi ≡ σi[ϕ∗; ϕ¯]:
S[ϕ∗;σi[ϕ∗;ϕ]] = S[ϕ∗; vi] +
∞∑
n=1
1
n!
δnS[ϕ∗; vi]
δvi1 · · · δvin (σ
i1 − vi1) · · · (σin − vin), (1.19)
followed by a rescaling σi → ~1/2σi + vi so that order of ~ matches the loop-order. Similarly,
expanding Γ[ϕ¯;ϕ∗] in orders of ~,
Γ[ϕ¯;ϕ∗] =
∞∑
n=0
~nΓ(n)[ϕ¯;ϕ∗], (1.20)
which gives rise to a series of n−loop effective actions Γ(n). Using Eqs. (1.19) and (1.20) in
Eq. (1.16), and comparing both sides for n = 1 yields, after some algebra,
Γ(1)[ϕ¯;ϕ∗] =
i~
2 ln det(l
2S,ij ), (1.21)
where S,ij = gik[ϕ∗]S,kj, and l2 is an arbitrary factor for fixing dimensionality. The DeWitt
one-loop effective action can be obtained by taking the limit ϕ∗ → ϕ¯ in Eq. (1.21). The
integral representation of one-loop effective action can also be obtained straightforwardly
from Eq. (1.21),
Γ(1)[ϕ¯] = − ln
∫
[dζ] exp
[
−12ζ
iζj
(
S,ij[ϕ¯]− ΓkijS,k[ϕ¯]
)]
. (1.22)
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Figure 1.1: An illustration of gauge orbits in field space (solid vertical lines). The dashed
line represents the gauge-fixing procedure, intersecting each orbit at a unique point. Fixing
a value of the functional χα amounts to fixing a gauge.
where the term inside the exponential is the field-space covariant derivative of functional
S[ϕ] with respect to connections Γkij.
For gauge theories, there exist orbits in field space in which all points are connected by
transformations of the form Eq. (1.9). Fixing a gauge then refers to selecting a unique point
from each gauge orbit (see Fig. 1.1). The infinitesimal gauge transformations are represented
by Eq. (1.9), whereinKiα is identified as the generator of gauge transformations, while δα are
the gauge parameters. The gauge fixing condition is given by fixing a functional χα[ϕ¯] so that
it intersects each gauge orbit in field space only once. Consequently, the functional measure
in Eq. (1.16) receives a modification so as to exclude the contributions from rest of the field
coordinates in the gauge orbits. Including the gauge-fixing condition(s) and corresponding
ghost determinant(s), the covariant one-loop effective action is given by [103,104]
Γ = − ln
∫
[dζ] exp
[1
2
(
−ζ iζj
(
S,ij[ϕ¯]− ΓkijS,k[ϕ¯]
)
− 12αfαβχ
αχβ
)]
− ln detQαβ[ϕ¯], (1.23)
as α −→ 0 (Landau gauge). Here, [dζ] ≡ ∏i dζ. A few comments on Eq. (1.23) are in order.
The first term inside the exponential is the covariant derivative of the action functional with
respect to ζ i in field space. Γkij are the field-space connections defined with respect to the
field-space metric Gij, and are responsible for general covariance of Eq. (1.23). In general,
12
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the field-space connections have complicated, non-local structure especially in presence of a
gauge symmetry. However, they reduce to the standard Christoffel connections, in terms of
Gij, when χα is chosen to be the Landau-DeWitt gauge i.e. χα = Kαi[ϕ¯]ζ i = 0, along with
α → 0 [68, 105]. fαβ is any symmetric, positive definite operator and makes no non-trivial
contribution to effective action [14]. Note also that the contributions from connection terms,
and hence the question of covariance, is relevant for off-shell analyses, since S,i = 0 on-
shell. detQαβ is the ghost determinant term that appears during quantization. This term is
absorbed into the exponential by introducing Faddeev-Popov ghosts, cα and c¯α, so that [14],
ln detQαβ = ln
∫
[dc¯α][dcβ] exp
(
−c¯αQαβcβ
)
. (1.24)
In the subsequent chapters, we will build on the foundations presented here to explore
formal and cosmological applications. We have refrained from reviewing the derivation of
integral measure here because this is the subject of next chapter, although in a more general
context. Similarly, the computation of effective action is not touched upon here because
it is part of chapters three and four. Although the formalism presented here is in general
valid for any dimensionality, throughout this thesis we work in four spacetime dimensions,
hence it is understood that in what follows, the corresponding integrals and expressions have
dimensionality d = 4.
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Chapter 2
Covariant Effective Action for an
Antisymmetric Tensor Field
Unlike 1-forms (vector fields), quantization of rank-2 or higher antisymmetric fields is non-
trivial especially because of the additional symmetries of gauge parameters of the the-
ory [106]. A simple, ad hoc resolution applicable to the case of antisymmetric fields was
discussed by Buchbinder and Kuzenko [30]. More general but complex resolutions to this
problem have been discussed before in literature [107–109]. Moreover, quantization of mas-
sive antisymmetric models has an additional challenge, as these models suffer from redundant
degrees of freedom even though they are not gauge-invariant, and require the use of Stück-
elberg procedure [110] to restore softly broken gauge freedom before quantizing the theory.
In this chapter, we will use DeWitt-Vilkovisky’s geometrical understanding of field space
and gauge fixing to generalize the covariant effective action formalism for quantizing massive
rank-2 antisymmetric fields. In doing so, we present an intuitive, geometric prescription for
dealing with symmetries of gauge parameters while quantizing the theory. We then write
the covariant effective action for a massive rank-2 antisymmetric field. In an attempt to be
pedagogical, major steps leading to the effective action have also been presented.
In the next section, we describe the set-up of our problem, including the geometric
notations used and the action for the antisymmetric field. The subsequent sections are
devoted to generalizing quantization of theories with gauge parameters having additional
symmetries followed by an application to the case of antisymmetric tensor field, where the
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calculation of the covariant one-loop effective action is carried out. The contents of this
chapter originally appeared in [111], though some additional calculations and paragraphs
have been presented here for the reader’s convenience.
2.1 Action for the free antisymmetric rank-2 tensor field
In our calculations we follow the general procedure of the book by Toms and Parker [14].
This section contains a brief review of the action of the rank-2 antisymmetric field to be
quantized.
Although motivated by superstring models, our interest here differs from the usual Kalb-
Rammond fields (massless rank-2 antisymmetric tensor field) that appear in the low energy
limit of superstring theories. We consider the action for a minimal model of massive anti-
symmetric tensor field discussed by Altschul et al. [40] in the context of spontaneous Lorentz
violation,
S[B] =
∫
dvx
{
− 112F
µνλ[B]Fµνλ[B]− 14m
2BµνBµν
}
, (2.1)
where,
Fµνλ[B] ≡ ∇µBνλ +∇λBµν +∇νBλµ. (2.2)
The motivation for studying such theories stems from the fact that they possess significant
phenomenological consequences, as pointed out in Ref. [40]. Recent progress in this direction,
especially in the context of cosmology and gravitation (see, for example Refs. [35–39, 112–
115]), validate this motivation. The action (2.1) belongs to a class of theories having gauge-
invariant kinetic term (first term in Eq. 2.1) with a gauge-breaking potential (second term
in Eq. 2.1) [106]. The kinetic term is invariant under the transformation,
Bµν −→ Bξµν = Bµν +∇µξν −∇νξµ, (2.3)
while the mass term m2BµνBµν/4 is not. It has been shown that, such theories contain the
redundant degrees of freedom but cannot be dealt with using traditional Faddeev-Popov
method [106,116]. A convenient way to deal with this problem is to restore the softly broken
symmetry [106] of the theory using Stückelberg procedure [110]. One introduces a new field
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Cµ such that,
S[B,C] =
∫
dvx
{
− 112F
µνλ[B]Fµνλ[B]− 14m
2(Bµν + 1
m
Hµν [C])2
}
, (2.4)
where, Hµν [C] ≡ ∇µCν −∇νCµ. The new action (2.4) has the following symmetries:
Bµν −→ Bξµν = Bµν +∇µξν −∇νξµ,
Cµ −→ Cξµ = Cµ −mξµ, (2.5)
and
Cµ −→ CΛµ = Cµ +∇µΛ,
Bµν −→ BΛµν = Bµν , (2.6)
and reduces to the original theory (2.1) in the gauge Cµ = 0. Since our approach is gauge
invariant, we can work with the full theory (2.4) instead of (2.1) and choose any suitable
gauge condition. As is encountered later, particular choices of gauge condition lead to further
softly broken symmetry in the Stückelberg field, and successive application of Stückelberg
procedure is the key to resolving such cases.
The theory (2.4) is, however, still not free from degeneracies because of the extra symmetry
of the gauge parameter ξµ,
ξµ −→ ξψµ = ξµ +∇µψ, Λ −→ Λ +mψ. (2.7)
leaving fields Bµν , Cµ invariant. We give a geometric prescription for dealing with this issue
and generalize the quantization of such theory in the next section.
2.2 Dealing with the symmetries of gauge parameters
In the field space, set of points {ϕi} connected by the gauge parameter α form an orbit
called the gauge orbit. So, fixing a gauge is equivalent to selecting one point from each gauge
orbit. This is achieved by setting up a coordinate system (ξA, θα) such that coordinates θα
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are along the orbit (longitudinal) while coordinates ξA are transverse to the orbit. Fixing
θα is then equivalent to choosing one point from the orbit. Gauge invariant quantities are
defined as having no θα dependence. As is standard practice, we assign θα = χα[ϕ], where
χα[ϕ] is the gauge-fixing condition for fields ϕi.
In the case of (2.4), however, the gauge parameters ξµ too have symmetry given by (2.7).
This means, for every choice of θα there exists an equivalence class (a set of points {ξψµ }) in
the space of gauge parameter ξµ. To deal with this issue, we follow the familiar procedure
of ‘fixing the gauge’ in parameter space. What this means in the geometric picture is as
follows. We will work in condensed notation for this purpose.
Let us denote gauge parameters by α where α is a condensed index mapped to (µ, x).
We are interested in the case where α has a gauge freedom that leaves ϕi unchanged, having
a general form
δα = Kˇαa []δλa, (2.8)
where λa parametrizes the transformations of α. It is assumed that λa are free of any such
symmetry. The usual Faddeev-Popov method of gauge fixing involves introducing a factor,
1 =
∫ (∏
α
dχα
)
δ˜[χα[ϕ]; 0], (2.9)
in the path integral, to calculate an appropriate gauge-fixed measure. However, in the
present case, a technical difficulty with (2.9) is that the measure spans all α including
points on parameter-space orbit (αλ). In order to deal with this issue, we start by revisiting
the condition for gauge fixing in field space, that is, the requirement for χα[ϕ] to be a gauge-
fixing condition. χα[ϕ] is required to be unique at each point ϕ on a gauge orbit. This
translates to requiring that the equation
χα[ϕ] = χα[ϕ], (2.10)
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Figure 2.1: An illustration of gauge orbit in field space (solid line) and parameter space
orbit (dashed line). At different points on gauge orbit (ϕ and ϕ respectively), a point χˇa
on parameter-space orbit remains fixed.
have a unique solution δα = 0. Expanding left hand side about ϕ yields,
Qαβ [ϕ]δβ = 0, (2.11)
where, Qαβ [ϕ] = χα,i[ϕ]Kiβ[ϕ]. The condition for unique solution is detQαβ 6= 0. But, it
turns out that for theories with degeneracy in the gauge parameter (of the form eq. (2.8)),
determinant of Qαβ vanishes, making condition (2.10) insufficient for gauge fixing in this case
[6]. Indeed, for theory (2.4), it can be explicitly checked that (2.8) is a solution to eq. (2.11)
[6,30]. It is clear that the source of this problem is the symmetry of α. Geometrically, it can
be understood as α taking all possible values on the orbit spanned by χˇa in parameter space
(dashed orbit), as illustrated in FIG. 2.1. The key to resolving this issue is to simultaneously
fix a point in the parameter-space orbit while demanding condition (2.10).
Let, χˇa[] be the coordinates on parameter-space orbit. We demand that the equation,
χα[ϕ]|χˇa[]=χˇa = χα[ϕ]|χˇa[]=χˇa , (2.12)
have unique solution δα = 0. Condition (2.12) ensures that the change from ϕ to ϕ in the
field-space orbit happens with respect to a fixed point χˇa in parameter-space orbit. Hence,
eq. (2.12) is the correct requirement for gauge fixing in the case where δα has additional
symmetry.
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A more useful form of (2.12) can be obtained by expressing χα[ϕ] as a functional of ϕi, α
and χˇa so that,
χα[ϕ] = χα[ϕ, , χˇ]. (2.13)
Substituting in (2.10) and expanding about  = 0 keeping ϕ and χˇ constant gives,
(
δ
δβ
χα[ϕ, , χˇ]
)
=0
δβ ≡ Q′αβ δβ = 0. (2.14)
Moreover, expanding both sides of eq. (2.13) about ϕ results in,
Qαβδ
β = Q′αβ δβ +
δχα
δχˇa
δχˇa. (2.15)
Using δχˇa = χˇa,βδβ in eq. (2.15), we get a relation between Qαβ and Q′αβ ,
Q′αβ = Qαβ −
δχα
δχˇa
χˇa,β. (2.16)
We would like to make a couple of comments about Q′αβ . Firstly, Q′αβ defines the functional
derivative χα,β, and it can be explicitly checked for theory (2.4) that detQ′αβ 6= 0. Sec-
ondly, eq. (2.14) gives a general expression for calculating ghost determinant. Traditional
methods for calculating such determinants involve working out integrals of Faddeev-Popov
factor, and are thus specific to a particular theory as well as gauge conditions [6, 56]. In
contrast, a remarkable feature of the result (2.14) is that, in addition to being independent
of gauge conditions and any particular theory, it gives geometric meaning to the resolution
of degeneracy in such determinants.
Next step towards writing the effective action is to find the appropriate path integral
measure, including the Faddeev-Poppov factor (2.9). We follow the standard procedure of
ref. [14]. Full field space volume element can be written in terms of (ξA, α) using the length
element,
ds2 = gijdϕidϕj = hABdξAdξB + γαβdαdβ. (2.17)
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Also, in the parameter space,
γαβd
αdβ = γ⊥αβdα⊥d
β
⊥ + γˇabdλadλb. (2.18)
Here, ξA and α orthogonal; and so are dα⊥ and dλa by definition. hAB, γαβ, γ⊥αβ and γˇab are
the corresponding induced metric on respective coordinates, whereas gij is the metric on the
full field space. The field-space volume element is given by,
∏
i
dϕi(det gij)1/2 =
∏
A
dξA
∏
α
dα(dethAB det γαβ)1/2. (2.19)
The technical difficulty we mentioned earlier is due to the non-trivial structure of parameter
space, as shown by (2.18). For a trivial parameter space, where there are no symmetries, one
can show that none of the factors in (2.19) depend on α [14] and hence ∏α dα integrates
out. But, for (2.18) the gauge group volume element is not trivial. So, to determine which
factor integrates out of (2.19), we must calculate the gauge group volume element first. We
start with parameter space volume element,
∏
α
dα(det γαβ)1/2 =
∏
α
dα⊥
∏
a
dλa(det γ⊥αβ det γˇab)1/2. (2.20)
Following the arguments of [14], it can be shown that determinants appearing in the right
hand side of eq. (2.20) are independent of λa, thereby making the relevant parameter space
measure,
∏
α
dα⊥(det γ⊥αβ)1/2(det γˇab)1/2. (2.21)
Now, we introduce the Faddeev-Popov factor,
1 =
∫ (∏
a
dχˇa
)
δ˜[χˇa[λ]; 0], (2.22)
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so that, the parameter space measure becomes,
[d] =
∏
α
dα⊥
∏
a
dχˇa(det γ⊥αβ)1/2(det γˇab)1/2δ˜[χˇa[λ]; 0]. (2.23)
To calculate the Jacobian for transformation from (α⊥, χˇa) to α, we use,
dχˇa = χˇa,αdα = χˇa,αdα⊥ + Qˇabdλb, (2.24)
where, Qˇab = χˇa,αKˇαb . Solving for dλa gives,
dλa =
(
Qˇ−1
)a
b
(dχˇb − χˇa,αdα⊥). (2.25)
Substituting (2.25) in (2.18), length element in parameter space is obtained as,
γαβd
αdβ = γ⊥αβdα⊥d
β
⊥ + γˇab
(
Qˇ−1
)a
c
(
Qˇ−1
)b
d
(dχˇc − χˇc,αdα⊥)(dχˇd − χˇd,αdα⊥). (2.26)
The metric in (2.26) has the form of that in Kaluza-Klein theory [14], so it is straightforward
to read off the relation between volume elements,
(det γαβ)1/2
∏
α
dα =
(∏
α
dα⊥
∏
a
dχˇa
)
(det γ⊥αβ)1/2(det γˇab)1/2(det Qˇab )−1. (2.27)
Hence, the gauge group volume is found to be,
[d] =
∏
α
dα(det γαβ)1/2(det Qˇab [])δ˜[χˇa[λ]; 0]. (2.28)
It is safe to say now, that the factor ∏α dα(det Qˇab [])δ˜[χˇa[λ]; 0] will integrate out of the
field space measure. Therefore, we express the field-space measure as,
∏
A
dξA(dethAB)1/2(det γαβ)1/2(det Qˇab )−1. (2.29)
At this point, it is standard to introduce the Faddeev-Popov factor given by (2.9), at χˇa = 0,
and calculate path integral measure by working out Jacobian of coordinate transformations
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to full field space coordinates ϕi [14]. We need to calculate the field-space measure,
[dϕ] =
∫ (∏
A
dξA
∏
α
dχα
)
δ˜[χα[ϕ]|χˇa=0; 0](dethAB det γαβ)1/2(det Qˇab )−1. (2.30)
Calculation of Jacobian proceeds in a similar way as in eqs. (2.23) to (2.27). Using the result
(2.16),
dχα = χα,AdξA +Q′αβ dβ, (2.31)
and solving for dα followed by substituting in (2.17), one obtains the relation,
∏
i
dϕi(det gij)1/2(detQ′αβ ) =
∏
A
dξA
∏
α
dχα × (dethAB)1/2(det γαβ)1/2. (2.32)
Finally, substituting (2.32) in (2.30), we obtain the path integral measure for fields ϕi,
[dϕ] =
∫ (∏
i
dϕi
)
(det gij)1/2(detQ′αβ )(det Qˇab )−1δ˜[χα[ϕ]|χˇa=0; 0]. (2.33)
2.3 Effective Action for rank-2 antisymmetric field
Due to the properties of covariant effective action approach, the above result (2.33) is useful
to study quantum properties of theories with degeneracy in gauge parameters in curved
spacetime, including studies of quantum gravitational corrections as will be seen in later
chapters. For the purpose of present chapter, we now use this result to derive the one-loop
effective action for a massive antisymmetric field in curved spacetime as described by Eq.
(2.1) (and equivalently, Eq. (2.4)), previously obtained in Refs. [54, 56].
The first step is to choose the field space metric. We write the length element in the field
space,
ds2 =
∫
dvx {gµρ(x)gσν(x)dBµν(x)dBρσ(x) + gµν(x)dCµ(x)dCν(x)} . (2.34)
From (2.34), we read off the field space metric components GI(x)J(x′), taking into account
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the antisymmetrization of metric component for Bµν fields,
GBµν(x)Bρσ(x′) =
√
−g(x)gµ[ρ(x)gσ]ν(x′)δ˜(x, x′),
GCµ(x)Cν(x′) =
√
−g(x)gµν(x)δ˜(x, x′), (2.35)
where gµν is the spacetime metric and δ˜(x, x′) is the invariant delta function. We can
calculate the inverse field space metric using the identity
∫
d4x′GI(x)J(x
′)GJ(x′)K(y) = δIKδ(x, y), (2.36)
which gives,
GBµν(x)Bρσ(x
′) = 1−g(x)gµ[ρ(x)gσ]ν(x
′)δ(x, x′),
GCµ(x)Cν(x
′) = 1−g(x)gµν(x)δ(x, x
′). (2.37)
Since, in (2.35) and (2.37), there is no dependence on the fields, the field space Christoffel
connections will vanish,
Γijk = 0 ∀ i, j, k ∈ (Bµν , Cµ). (2.38)
Note that the Christoffel connections will be nonzero if we choose to quantize gravity as well.
For the present case, however, we treat gravity as a classical field so that field space only has
components of B and C fields and the connections vanish. Another case where Christoffel
connections would be nonzero is if we choose a different parametrization for the fields. This
corresponds to choosing another coordinate system in field space.
Next, we find the gauge generators Kiα from the relation
δϕI =
∫
d4x′Kϕ
I(x)
α¯(x′) δ
α¯(x′), (2.39)
where ϕI(x) = {Bµν(x), Cµ(x)} and δα¯(x′) = {ξµ(x),Λ(x)}. The generators can be read off
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from eqs. (2.5) and (2.6),
K
Bµν(x)
ξρ(x′) = (∇µδρν −∇νδρµ)δ˜(x, x′),
K
Cµ(x)
ξρ(x′) = −mδρµδ˜(x, x′), (2.40)
K
Cµ(x)
Λ(x′) = ∇µδ˜(x, x′).
For future use, we also calculate Kαi below, using the condensed notation identity Kαi =
gijK
j
α =
∫
d4yGI(x)J(y)K
J(y)
α¯(x′):
Kξµ(x′)Bνρ(x) =
√
−g(x)(∇νδρµ −∇ρδνµ)δ˜(x, x′),
KΛ(x′)Cµ(x) =
√
−g(x)∇µδ˜(x, x′), (2.41)
Kξρ(x′)Cµ(x) = −m
√
−g(x)δµρδ˜(x, x′).
Keeping in mind the geometrical interpretation of gauge fixing, we understand that for
effective action only a sub-space of field space constrained by the gauge condition will be
integrated over, and hence the metric with which covariant derivatives and connections are
calculated in field space is not the full field space metric GI(x)J(x′), but that which describes
the space of transverse fields ξA. The induced metric is found by first calculating the metric
along the gauge orbit (corresponding to points θα), given by γαβ = KiαgijK
j
β in the condensed
notation [14]. Rewriting in terms of spacetime indices,
γα¯(x)β¯(x′) =
∫
d4yd4y′KI(y)α¯(x)GI(y)J(y′)K
J(y′)
β¯(x′) . (2.42)
Substituting (2.35) and (2.40) in (2.42), we get
γξµ(x)ξν(x′) =
√
−g(x)µνξ δ˜(x, x′),
γΛ(x)Λ(x′) =
√
−g(x)xδ˜(x, x′), (2.43)
γξµ(x)Λ(x′) = −m
√
−g(x)∇µδ˜(x, x′) = γΛ(x)ξµ(x′),
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where x is the de’Alembertian operator with respect to coordinates x, and,
µνξ ≡ (∇ρδµσ −∇σδµρ )(∇ρδνσ −∇σδνρ) +m2gµν . (2.44)
One can find the inverse of γαβ using the property
∫
d4yγα¯(x)β¯(y)γ
β¯(y)γ¯(x′) = δγ¯α¯δ˜(x, x′). (2.45)
Now it is possible to find the connection Γ˜mij on the restricted space over which we quantize
the fields. Since Γmij = 0, it is given by [14]
Γ˜mij =
1
2γ
αεγβσKαiKβj(KnεKmσ;n +KnσKmε;n)− γαβ(KαiKmβ;j +KαjKmβ;i). (2.46)
Here, covariant derivative is with respect to the full field space metric, gij and thus contains
connection Γmij . Since, Γmij = 0 covariant derivatives in (2.46) can be replaced with ordinary
derivatives. However, for the present example, since Kiα does not have any dependence on
the fields Bµν and Cµ, it turns out the induced connection vanishes for all combinations of
Bµν and Cµ:
Γ˜mij = 0. (2.47)
This simplifies the present problem a lot. In order to find the 1-loop corrections, covariant
derivatives of the action become merely simple functional derivatives.
The covariant field-space intervals also reduce to flat geodetic intervals due to vanishing
connections,
σi = −ηi = ϕi∗ − ϕi. (2.48)
Next, we use the result (2.33) to write the gauge-fixed measure. For convenience, we
choose for Bµν the gauge condition,
χξν = ∇µBµν +mCν , (2.49)
26
2.3. Effective Action for rank-2 antisymmetric field
and for gauge parameters,
χˇψ = ∇µξµ −mΛ (2.50)
This results in the action (2.4) being appended by a gauge fixing term,
−12(χξν )
2 = −12∇
µBµν∇ρBρν − 12m
2CνC
ν − 12mCν∇µB
µν . (2.51)
The second term on the right hand side of eq. (2.51) induces soft breaking of gauge symmetry
in field Cν . As pointed out earlier, one has to apply the Stückelberg procedure of sec. 2.1 to
restore gauge symmetry. As a result, a second Stückelberg field Φ is introduced so that,
−12m
2CνC
ν −→ −12m
2
(
Cν + 1
m
∇νΦ
)2
. (2.52)
Hence, an appropriate gauge condition for Cµ is,
χΛ = ∇µCµ +mΦ. (2.53)
In order to calculate the components of Q′αβ , we use eq. (2.13) to write,
χξν = ∇µBµν +mCν +xξν − [∇µ,∇ν ]ξµ −m2ξν −∇νχˇψ (2.54)
From the definition (2.14), we find,
Q
′ξµ(x)
ξν(x′) = (xδνµ − [∇α,∇ν ]δαµ −m2δνµ)δ˜(x, x′)
≡ (1 −m2δνµ)δ˜(x, x′). (2.55)
Calculation of Q′Λ(x)Λ(x′) is straightforward, and yields,
Q
′Λ(x)
Λ(x′) = (x −m2)δ˜(x, x′). (2.56)
A similar calculation results in Qˇψ(x)ψ(x′) = (x−m2)δ˜(x, x′). With all the ingredients in place,
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we obtain the effective action by substituting eqs. (2.49), (2.53), and (2.56) in (2.33) and
working in spacetime (uncondensed) coordinates,
exp(iΓ[B¯, C¯]) =
∫ ∏
µ
dCµ
∏
ρσ
dBρσ
∏
x
dΦδ[χΛ(x); 0]δ[χξµ(x); 0] det(1 −m2)×
exp
{
i
∫
dvx
(
− 112F
µνλ[B]Fµνλ[B]− 14m
2(Bµν + 1
m
Hµν [C])2
)
+(B¯µν −Bµν) δ
δB¯µν
Γ[B¯, C¯] + (C¯µ − Cµ) δ
δC¯µ
Γ[B¯, C¯]
}
. (2.57)
We have ignored the field-space metric determinant here, because it does not affect the
result apart from raising and lowering indices inside determinants. As usual, the Dirac
δ-distributions in (2.57) give rise to the gauge-fixed action,
SGF =
∫
dvx
− 112F µνλ[B]Fµνλ[B]− 14m2(Bµν + 1mHµν [C])2
−12(χξµ(x))
2 − 12(χΛ(x))
2
, (2.58)
which can be cast into the form,
SGF =
∫
dvx
1
4B
µν2Bµν − 14m
2BµνBµν +
1
2C
µ1Cµ − 12m
2CµCµ
+12Φ(x −m
2)Φ
, (2.59)
where,
2Bµν = xBµν − [∇ρ,∇ν ]Bµρ − [∇ρ,∇µ]Bρν . (2.60)
Substituting eq. (2.59) in (2.57), one obtains the effective action as,
Γ = S[B¯, C¯] + ~ i2
(
ln det(2 −m2)− ln det(1 −m2) + ln det(x −m2)
)
. (2.61)
For the present case of free theory (2.4), there are no contributions at higher loop orders.
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The result (2.61) is in line with that obtained earlier in [54], and later confirmed in [56].
2.4 Summary
We quantized a massive rank-2 antisymmetric field by finding a general path integral mea-
sure for theories with degeneracy in gauge parameter, using DeWitt-Vilkovisky’s covariant
effective action approach. In the process, we arrived at a simple resolution to the problem of
dealing with additional symmetries of gauge parameter, through a geometric understanding
of gauge-fixing. In particular, the ghost determinant calculation receives a simple geometric
meaning, and generalizes traditional methods [6,56] which are specific to a particular theory
and gauge condition.
For the simple case of free theory (2.4), where gravity is classical, we find that the covari-
ant effective action is identical to that obtained in earlier works [54, 56], up to a difference
in sign of m2 due to corresponding sign of potential. More applications of this formalism
lie in the study of gravitational corrections to models of antisymmetric tensor fields, and
can in principle be extended to n-forms and other fields with similar characteristics. For
instance, a rather simple generalization of the result (2.61) is for the nonminimal model
considered in [40] with a coupling term ζRBµνBµν , which can be absorbed in the mass term
with m −→ m− ζR. Similarly, the next chapter deals with one of the applications of these
results to the case of antisymmetric tensor with spontaneous Lorentz violation.
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Chapter 3
Quantum Aspects of Antisymmetric
Tensor Field with Spontaneous
Lorentz Violation
Here, we study the quantum aspects of a simple model of antisymmetric tensor field with
spontaneous Lorentz violation in curved spacetime. We begin with some background and
motivations in the next section. In Sec. 3.2, we briefly review spontaneous Lorentz violation
in antisymmetric tensor and introduce the classical action considered in this work. The
notations used here are largely inspired by Ref. [40]. We discuss the covariant effective action
technique and its application to derive 1-loop corrections in Sec. 3.3. We also calculate the
various propagators required to solve the 1-loop integrals. In Sec. 3.4, we consider the
classically equivalent vector theory and calculate 1-loop corrections to compare with the
results of Sec. 3.3, to check the quantum equivalence. The contents of this chapter and
appendix B originally appeared in Refs. [42, 117].
3.1 Introduction
The quest for quantizing gravity is ultimately related to understanding physics at the Planck
scale, candidates for which include string theory and loop quantum gravity. A difficulty that
the development of such theories faces, is our inability to probe high energy scales, owing
to the limitations of current particle physics experiments [118]. This has led to significant
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efforts towards finding low energy signatures using effective field theory tools that could be
relevant in current and near future experiments in both particle physics and early universe
cosmology. Phenomenologically, this amounts to detecting Planck supressed variations to
standard model and general relativity while maintaining observer independence, termed as
standard model extension (SME) [48,119–122].
There is substantial evidence of SME effects from string theory and quantum gravity,
according to which certain mechanisms could lead to violation of Lorentz symmetry [46,
123–131], which is a fundamental symmetry in general relativity that relates all physical
local Lorentz frames. In principle, Lorentz violation can be introduced in a theory either
explicitly, in which case the Lagrange density is not Lorentz invariant, or spontaneously,
so that the Lagrange density is Lorentz invariant but the physics can still display Lorentz
violation [46, 123]. However, theories with explicit Lorentz violation have been found to be
problematic due to their incompatibility with Bianchi identities in Riemann geometry [48],
and are therefore not favourable for studies involving gravity.
Another consequence of string theory, at low energies, is the appearance of antisymmetric
tensor field along with a symmetric tensor (metric) and a dilaton (scalar field) as a result of
compactification of higher dimensions [23,24]. Until recently, antisymmetric tensor had not
received serious consideration in studies of early universe cosmology, in particular inflation,
due to some generic instability issues [37, 39, 132], but some recent studies have shown that
presence of antisymmetric tensor field is likely to play a role during inflation era [35, 38].
Hence, as a natural extension, an interesting exercise is to consider Lorentz violation in
conjunction with antisymmetric tensor (see, for example Ref. [114]).
Altschul et al. in Ref. [40] explored in detail spontaneous Lorentz violation with antisym-
metric tensor fields, and found the presence of distinctive physical features with phenomeno-
logical implications for tests of Lorentz violation, even with relatively simple antisymmetric
field models with a gauge invariant kinetic term.
Our interest in this chapter is to take first steps to extend the classical analysis in Ref. [40]
to quantum regime. We focus on the formal aspects of quantization of antisymmetric tensor
field with spontaneous Lorentz violation, and primarily restrict ourselves to dealing with
two issues. First, we set up the framework to evaluate the one-loop effective action using
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covariant effective action approach [12–18]. For simplicity, we consider an action with only
quadratic order terms, but in a nearly flat spacetime (Minkowski metric ηµν plus a classical
perturbation κhµν). This yields one-loop corrections at O(κ~), involving terms up to first
order in hµν . Second, we check the quantum equivalence of the quadratic action considered in
the first part with a classically equivalent vector theory, at 1-loop level. The issue of quantum
equivalence in curved spacetime is interesting because a free massive antisymmetric tensor
theory (no Lorentz violation) is known to be equivalent to a massive vector theory at classical
and quantum level due to topological properties of zeta functions [54] but, such properties do
not hold when Lorentz symmetry is spontaneously broken [117]. In fact, it was demonstrated
by Seifert in Ref. [55] that interaction of vector and tensor theories with gravity are different
when topologically nontrivial monopole-like solutions of the spontaneous symmetry breaking
equations exist. The method presented here is quite general in terms of its applicability to
models with higher order terms in fields.
3.2 Spontaneous Lorentz Violation and classical action
Spontaneous symmetry breaking occurs when the equations of motion obey a symmetry but
the solutions do not, and is effected via fixing a preferred value of vacuum (ground state)
solutions. In general relativity, physically equivalent coordinate (or observer) frames are re-
lated via general coordinate transformations and local Lorentz transformations. Hence, the
condition for a physical theory is that observer Lorentz symmetry must hold true. However,
by breaking the Lorentz symmetry spontaneously, we choose to break the particle Lorentz
symmetry whilst keeping the observer Lorentz symmetry intact. That is, in a given observer
frame, we fix the vacuum expectation value (vev) of a tensor or vector field leading to spon-
taneous breaking of Lorentz symmetry, since all couplings with vev have preferred directions
in spacetime [49,122].
Spontaneous Lorentz violation in tensor field Lagrangians can be introduced through a
potential term that drives a nonzero vacuum value of tensor field. For an antisymmetric
2-tensor field Bµν , we assume,
〈Bµν〉 = bµν . (3.1)
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It is possible to attain a special observer frame in a local Lorentz frame in Riemann spacetime
or everywhere in Minkowski spacetime, in which bµν takes a simple block-diagonal form [40],
bµν =

0 −a 0 0
a 0 0 0
0 0 0 b
0 0 −b 0

, (3.2)
provided at least one of the quantitiesX1 = −2(a2−b2) andX2 = 4ab is nonzero, where a and
b are real numbers. Moreover, the analysis of monopole solutions of antisymmetric tensor
in Ref. [133] showed that for a spherically symmetric nontrivial solution of the equation
of motion of Bµν that asymptotically approaches vev, the potential of the form considered
below (Eq. (3.3)) requires putting a = 0. As will be seen later on, this choice of a also
ensures positivity of certain determinants appearing in loop integral calculations. We thus
assume a = 0 in the present analysis, although most of the calculations presented here are
independent of the structure of bµν . For later convenience, we also choose bµνbµν = 1.
We consider a simple model of a rank-2 antisymmetric tensor field, Bµν , with a sponta-
neous Lorentz violation inducing potential [40],
V (B) = 116α
2
(
BµνB
µν − bµνbµν
)2
. (3.3)
Again, for the purpose of present analysis, we would like to consider only quadratic order
terms in Bµν . To this end, we consider small fluctuations of Bµν about a background value
bµν [40],
Bµν = bµν + B˜µν . (3.4)
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and neglect quartic and cubic terms in fluctuations B˜µν assuming ||B˜µν ||  ||bµν ||. The
resulting potential is,
V (B) ≈ 14α
2
(
bµνB˜
µν
)2
. (3.5)
Although it may seem at this point that a quadratic Lagrangian might not lead to any
significant physical result upon quantization, and it is actually true in case of a flat spacetime,
nontrivial physical contributions appear in the 1-loop effective action in curved spacetime
as demonstrated in the next section. For notational convenience, we do not explicitly write
the tilde symbol for field fluctuations, and assume its use throughout. We thus work with
the Lagrangian,
L = − 112HµνλH
µνλ − 14α
2
(
bµνB
µν
)2
. (3.6)
The first term in Eq. (3.6) is the gauge invariant kinetic term,
Hµνλ ≡ ∇µBνλ +∇λBµν +∇νBλµ, (3.7)
obeying the symmetry: Bµν −→ Bµν +∇µξν −∇νξµ for a gauge parameter ξµ. The gauge
invariance of kinetic term in an otherwise non-gauge invariant Lagrangian (3.6) gives rise to
redundancy problems in the energy spectrum [106], and cannot be removed via usual quan-
tization method. A consistent method to treat this redundancy is given by the Stückelberg
procedure [110]. According to this procedure, a strongly coupled field called the Stückelberg
field is introduced in the symmetry breaking potential term such that the gauge symmetry
is restored in a given Lagrangian. The original theory is still recovered in a special gauge
(where Stückelberg field is put to zero), however, the advantage is that the redundant de-
grees of freedom are now encompassed in the Stückelberg field, and can be dealt with using
well known quantization frameworks like the Faddeev-Popov method. For a detailed account
of this procedure applied to massless and massive antisymmetric tensors, interested reader
is referred to Refs. [6, 54] respectively, and to Ref. [111] for a more recent analysis in the
context of covariant effective action.
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The above procedure is applied to (3.6) via the introduction of a strongly coupled vector
field Cµ:
L = − 112HµνλH
µνλ − 14α
2
[
bµν
(
Bµν + 1
α
F µν [C]
)]2
, (3.8)
so that the Lagrangian (3.8) becomes gauge invariant (here, Fµν ≡ ∂µCν−∂νCµ), and reduces
to original Lagrangian (3.6) in the gauge Cµ = 0. The new Lagrangian is invariant under
two sets of transformations: (i) gauge transformation of Bµν and shift of field Cµ,
Bµν −→ Bµν +∇µξν −∇νξµ,
Cµ −→ Cµ − αξµ, (3.9)
and, (ii) under the gauge transformation of Stückelberg field Cµ
Cµ −→ Cµ +∇µΛ,
Bµν −→ Bµν , (3.10)
where, ξµ and Λ are the corresponding gauge parameters. In addition to the above symme-
tries of fields, there exists a set of transformation of gauge parameters Λ and ξµ that leaves
the fields Bµν and Cµ invariant,
ξµ −→ ξµ +∇µψ,
Λ −→ Λ + αψ, (3.11)
which means that the gauge generators are linearly dependent [54]. The gauge fixing proce-
dure requires that a gauge condition be chosen for each of the fields Bµν and Cµ as well as for
the parameter ξµ, so that the redundant degrees of freedom due to symmetries (3.9), (3.10)
and (3.11) are taken care of. An important consideration while choosing a gauge condition
is to ensure that all cross terms of fields in the Lagrangian cancel out or lead to a total
derivative term, so that path integral can be computed with ease. Keeping this in mind, we
choose the gauge condition for Bµν to be (a similar choice for gauge condition in the context
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of Bumblebee model was considered in Ref. [134])
χξν = nµνnρσ∇µBρσ + αCν . (3.12)
It turns out that the gauge fixing action term corresponding to Eq. (3.12) introduces yet
another soft symmetry breaking in Cµ [111], so one has to introduce another Stückelberg
field Φ so that,
Cµ −→ Cµ + 1
α
∇µΦ. (3.13)
This modifies the symmetry in Eq. (3.10) by an additional shift transformation,
Φ −→ Φ− αΛ. (3.14)
From Eqs. (3.10) and (3.14), the gauge condition for Cµ can be chosen to be,
χΛ = ∇µCµ + αΦ. (3.15)
Similarly, for the symmetry of parameters, Eq. (3.11), we choose
χˇψ = ∇µξµ − αΛ. (3.16)
The gauge conditions chosen above are incorporated in the action through “gauge-fixing
Lagrangian" terms of the form −12χ2(·) and −12 χˇ2(·) for each of the conditions (3.12), (3.15)
and (3.16). The final result for the total gauge fixed Lagrangian is given by,
LGF = − 112HµνλH
µνλ − 14α
2
(
bµνB
µν
)2
− 14
(
bµνF
µν
)2
− 12
(
bµνbρσ∇µBρσ
)2
−12α
2CνC
ν − 12(∇µΦ)
2 − 12(∇
µCµ)2 − 12α
2Φ2. (3.17)
The presence of a new scalar field Φ is a direct consequence of gauge-fixing of Stückelberg
field, and explicitly displays a scalar degree of freedom that remains hidden in the original
Lagrangian (3.6) with broken gauge symmetry.
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3.3 1-Loop Effective Action
The quantization of theories such as (3.8) is tricky, because of the symmetries in gauge pa-
rameters, as in Eq. (3.11). Such symmetries lead to a degeneracy in the ghost determinant
appearing in the Faddeev-Popov procedure [6], and require special treatment for quantiza-
tion [6, 30, 111]. We follow a general quantization procedure developed in Ref. [111] based
on DeWitt-Vilkovisky’s approach [12, 13, 16, 17] that yields covariant and background inde-
pendent results, to deal with the additional symmetries of gauge parameters and derive the
1-loop effective action.
For a quadratic action not involving quantization of metric the expression for 1-loop
effective action in the DeWitt-Vilkovisky’s field space notation, about a set of background
fields ϕ¯i, is given by [111],
Γ1[ϕ¯] = − ln detQαβ[ϕ¯] + ln det Qˇab + 12 ln det
(
SGF,ij [ϕ¯]]
)
. (3.18)
where SGF is the gauge-fixed action. Let us briefly explain the various (field-space) notations
in Eq. (3.18) (see [14] for a detailed introduction). The index i in field space corresponds
to all the tensor indices and spacetime dependence of fields in the coordinate space. For
example, fields (Bµν(x), Cµ(x),Φ(x)) are denoted by components of ϕi (i = 1, 2, 3) in field
space, where ϕ1 ↔ Bµν(x), ϕ2 ↔ Cµ(x), and ϕ3 ↔ Φ(x). The rest of the constructions in
field space (tensors, scalar products, connections, field space metric, etc.) are similar to that
in a coordinate space. The background fields in this notation, ϕ¯i, too carry all the indices
of their respective counterparts including coordinate dependence. The object S,ij represents
a derivative in field space, define by,
S,ij[ϕ¯] =
(
δ2
δϕjδϕi
S[ϕ]
)
ϕ=ϕ¯
. (3.19)
Let, ˇa parametrize the symmetry of gauge parameters, as in Eq. (3.11), and χˇa be the
corresponding fixing condition for gauge parameters α (can be read off of Eqs. (3.9) and
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(3.10) ), then [111]
Qαβ =
(
δ
δβ
χα[ϕ, , χˇ]
)
=0
, (3.20)
where χα is the gauge fixing condition for fields ϕi. detQαβ is the ghost determinant factor.
In the present case, corresponding to the symmetries (3.9), (3.10) and (3.11), there are
two gauge conditions χξν and χΛ, along with a condition χˇψ on the parameters, that lead to
three operators Qξµξν , QΛΛ and Qˇ
ψ
ψ respectively. The results are displayed in Table 3.1.
χξν = bµνbρσ∇µBρσ + αCν Qξµξν = 2bαµbβν∇α∇β +∇µ∇ν − α2δµν
χΛ = ∇µCµ + αΦ QΛΛ = − α2
χˇψ = ∇µξµ − αΛ Qˇψψ = − α2
Table 3.1: Results for Q operators corresponding to choices of fixing conditions χ.
Using these results in Eq. (3.18), we get
Γ1 = − ln detQξµξν +
1
2 ln det
(
SGF,ij [ϕ¯]]
)
. (3.21)
SGF is of course quadratic in fields, and the value of Γ1 in operator form turns out to be,
Γ1 =
i~
2
[
ln det(2µνρσ − α2bµνbρσ)− ln det(1µν − α2δµν ) + ln det(− α2)
]
, (3.22)
where,
2µνρσBρσ ≡ ∇α∇αBµν +∇α∇µBνα +∇α∇νBαµ + 2bµνbρσbασbβγ∇ρ∇αBβγ,
1µνCν ≡ 2bνµbρσ∇ν∇ρCσ +∇µ∇νCν ; (3.23)
and  is the de’Alembertian operator. In flat spacetime, no physically interesting inferences
can be extracted from the above expression. However, in curved spacetime, the operators in
Eq. (3.22) are coupled to the metric gµν . So, addressing certain issues, like that of quantum
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equivalence, then becomes nontrivial 1. Unfortunately, effective action cannot be calculated
exactly in such cases [117], and the best way forward is to perform a perturbative study.
Therefore, we will consider a nearly flat spacetime instead of a general curved one, so that,
gµν(x) = ηµν + κhµν(x). (3.24)
ηµν is the Minkowski metric and hµν is a perturbation, while κ = 1/Mp(Mp is Planck mass)
parametrizes the scale of perturbation.
We can rewrite Γ1 in integral form by introducing ghost fields cµ and c¯µ,
Γ1 = − ln
∫
[dη][dcµ][dc¯µ]e−SGH , (3.25)
where,
SGH = ηiSGF,ij ηj + c¯µQ
ξµ
ξν
cν , (3.26)
and ηi are the quantum fluctuations (δBµν(x), δCµ(x), δΦ(x)). Now, we use Eq. (3.24) in
Eq. (3.26) and rearrange terms in orders of hµν :
SGH = S0 + S1 +O(hµνhαβ), (3.27)
where the subscripts denote the power of hµν . Substituting Eq. (3.27) in Eq. (3.25), and
treating S1 as a perturbation, the integrand can be Taylor expanded to write,
Γ1 = − ln (1 + 〈S1〉+O(hµνhαβ)) , (3.28)
where we have used the normalization for path integral of S0. The logarithm can be further
expanded to yield, up to first order in hµν ,
Γ1 = −〈S1〉. (3.29)
1see Appendix B for a detailed account of this issue
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The calculation of Γ1 thus amounts to evaluating 〈S1〉, which is a collection of two-point
correlation functions of fields. These correlations are just the flat spacetime propagators
of fields and can be derived from S0 using projection operator method. We obtained the
expansions of SGH using xAct packages [135, 136] for Mathematica, results of which are
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presented below:
S0 =
∫
d4x
(
− 12α2δCµδCµ − 12α2 δφ2 − 14α2(δBµνbµν)2
−12(bανbβγbµν bρσδBβγ,αδBρσ ,µ)− 12(δCµ,µ)2
−14
(
bµν(δCν ,µ − δCµ ,ν)
)2 − 12δφ,µδφ,µ
+δc¯µ(−α2δcµ + δcν ,ν ,µ + 2bνµbρσδcσ,ρ,ν)
+ 112(−δBνρ,µ − δBρµ,ν − δBµν,ρ)(δBνρ,µ + δBρ µ,ν + δBµν,ρ)
)
(3.30)
S1 =
∫
d4x
(
1
2α
2δCµδCνhµν − α2δcµδc¯νhµν − 14α2δφ2hµµ
−14α2δCµδCµhνν − 12α2δcµδc¯µhνν + 12α2δBµνδBρσhρabaσnµν
+12α
2δBµνδBρσhσanµνnρ
a − 18α2δBµνδBρσhaanµνnρσ + δc¯µbνµbρσhνρ,aδcσ,a
−2δc¯µhνabνµbρσδcσ,ρ,a + hρdbbcbµνbρνbσaδBbc,dδBσa,µ + 12hρabµνbρσδCσ,aδCν ,µ
+12δc¯
µhρρδc
ν
,ν ,µ − 14hννδφ,µδφ,µ + 12hσabµνbρσδCρ,aδCµ,ν
−12hρabµνbρσδCσ,aδCµ,ν − 14hρρδCµ,µδCν ,ν − 12δCµhρρ,µδCν ,ν
−12δCµbνρbσahµσ,aδCρ,ν + δc¯µbνµbρσhρσ,aδca,ν − δc¯µbνµbρσδcσ,ahρa,ν
+12δc¯
µδcν ,µh
ρ
ρ,ν − 2δc¯µhρabνµbρσδcσ,a,ν + 12δcµδc¯νhρρ,µ,ν
+δc¯µhaabνµbρσδcσ,ρ,ν + 12hµνδφ
,µδφ,ν − 14hddbbcbµνbρνbσaδBσa,µδBbc,ρ
+hcdbbcbµνbρνbσaδBσa,µδBbd,ρ + hbdbbcbµνbρνbσaδBσa,µδBdc,ρ
+12hσab
µνbρσδCν ,µδC
a
,ρ + 12δC
µbνρbσahµσ,aδCν ,ρ − 12hνabµνbρσδCµ,aδCσ,ρ
−18haabµνbρσδCν ,µδCσ,ρ + 14haabµνbρσδCµ,νδCσ,ρ + δc¯µbνµbρσhνσ,aδca,ρ
+δc¯µbνµbρσhσa,νδca,ρ + δCµδCν ,νhµρ,ρ + 14δB
µνδBρσ,νhµσ,ρ
−δc¯µbνµbρσδcσ,ahνa,ρ + δc¯µbνµbρσδca,νhσa,ρ − δcµδc¯νbρνbσahµσ,a,ρ
+δcµδc¯νbρνbσahσa,µ,ρ + δcµδc¯νbρνbσahµa,σ,ρ − 18gµσgνagρbhccδBσa,bδBµν,ρ
−14gµagνbgρσhccδBσa,bδBµν,ρ + 14gνagρbhµσδBσa,bδBµν,ρ + 14gµσgρbhνaδBσa,bδBµν,ρ
+12gµagρσhνbδB
σa,bδBµν,ρ + 12gµbgρahνσδB
σa,bδBµν,ρ + 14gµσgνahρbδB
σa,bδBµν,ρ
+12gµagνbhρσδB
σa,bδBµν,ρ + hνρδCµ,µδCν ,ρ + 12δB
µνbbab
cdbρνb
σahµρ,bδBcd,σ
+12δB
µνbbab
cdnµ
ρbσahνρ,bδBcd,σ − 12δBµνbbabcdbρνbσahρb,µδBcd,σ
+12δB
µνbbab
cdbρνb
σahµb,ρδBcd,σ + 12δB
µνbbab
cdnµ
ρbσahνb,ρδBcd,σ − 12hρabµνbρσδCν ,µδCa,σ
+12hσdb
abbcdbµνbρσδBab,cδBµν,ρ − 12δBµνbbabcdnµρbσahρb,νδBcd,σ42
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−12hνabµνbρσδCa,µδCρ,σ + 12hµabµνbρσδCa,νδCρ,σ − 18haabµνbρσδCµ,νδCρ,σ
+12δC
µbνρbσaδCρ,νhµa,σ − 12δCµbνρbσaδCν ,ρhµa,σ − δc¯µbνµbρσδca,ρhνa,σ
+14δB
µνδBρσ,µhνρ,σ − δc¯µbνµbρσδca,νhρa,σ + 14δBµνhνρ,σδBµρ,σ
+14δB
µνhµσ,ρδBν
ρ,σ + 14δB
µνhνσ,ρδB
ρ
µ
,σ + 14δB
µνhµρ,σδB
ρ
ν
,σ
)
(3.31)
3.3.1 Propagators
We use the projection operator method [137] to invert the operators in S0 and derive the
Green’s functions or propagators. In the operator form, S0 can be recast as
S0 =
∫
d4x
(1
4B
µνOBµν,αβBαβ +
1
2C
µOCµνCν +
1
2ΦO
ΦΦ
)
(3.32)
where,
OBµν,αβ =

2 (ηµαηνβ − ηµβηνα) +
1
2(∂µ∂βηνα − ∂ν∂βηµα − ∂µ∂αηνβ + ∂ν∂αηµβ)
−
(
α2 + 2(bρσ∂ρ)2
)
bµνbαβ, (3.33)
OCµν = 2bσµbρν∂σ∂ρ + ∂µ∂ν − α2ηµν , (3.34)
OΦ = − α2. (3.35)
At this point, we would like to point out that a calculation for the propagator of Bµν using
projector method was first performed in Ref. [41] recently. However, their calculation did
not account for the Stückelberg field and as a result our operator (OB)µν,αβ is different from
the one in Ref. [41], which misses the contribution from gauge-fixing term 2(bρσ∂ρ)2bµνbαβ.
Fortunately, this term is merely an addition to mass, α2, and ends up not contributing to
the propagator, (OB)−1µν,αβ. So, we end up getting an identical result for the propagator,
barring complex infinity terms that can be ignored (see Appendix A for details of projection
operators P (1), ..., P (6)),
(OB)−1µν,αβ(x, x′) =
∫ d4p
(2pin)e
−ip·(x−x′)
(
1
p2
P
(1)
µν,αβ +
b2
(bρσpσ)2
(P (4)µν,αβ + P
(5)
µν,αβ)
)
, (3.36)
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There are no massive propagating modes in Eq. (3.36) and only one massless mode propa-
gates, as concluded in Ref. [40, 41]. The second pole describes a massless pole propagating
in an anisotropic medium, which for our choice of bµν gives,
b2
(
(p2)2 + (p3)2
)
= 0. (3.37)
Contrary to the claim in Ref. [41] where these modes were described as non-physical due to a
negative sign appearing in energy-momentum relations as a result of a different choice of bµν ,
we note that for our choice of bµν which corresponds to monopole solutions of antisymmetric
tensor, energy terms (p0) disappear altogether.
For the Stückelberg field Cµ, spontaneous Lorentz violating term appears in the kinetic
part (first term in Eq. 3.34), which makes inverting OCµν a little tricky. New projector op-
erators have to be defined apart from the longitudinal and transverse momentum operators,
that also have a closed algebra, so that any operator Dµν can be then expanded in terms of
these projectors. We define,
P(1)µν =
pµpν
p2
; P(2)µν = ηµν −
pµpν
p2
; P(3)µν =
1
(bρσpσ)2
bσµbρνp
σpρ. (3.38)
These operators satisfy a closed algebra, as shown in Table 3.2. Using these operators, OCµν
P(1) P(2) P(3)
P(1) P(1) 0 0
P(2) 0 P(2) P(3)
P(3) 0 P(3) P(3)
Table 3.2: Algebra of projection operators for the Stückelberg field Cµ. Tensor indices have
not been explicitly written.
in momentum space can be written as,
OCµν = −2(bρσpσ)2P(3)µν −
(
p2 + α2
)
P(1)µν − α2P(2)µν . (3.39)
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Assuming that (OC)−1µν in momentum space has the form,
(OC)−1µν = m1P(1)µν +m2P(2)µν +m3P(3)µν , (3.40)
we use the identity OO−1 = I to obtain,
(OC)−1µν (x, x′) =
∫ d4p
(2pin)e
−ip·(x−x′)
(
− 1
p2 + α2P
(1)
µν −
1
α2
P(2)µν +
1
α2
(bρσpσ)2
(bρσpσ)2 + α2/2
P(3)µν
)
.(3.41)
Here, a massive scalar mode with pole at α propagates while another anisotropic mode
propagates with mass α/
√
2. Terms in P(2) (from Eq. (3.38)) contain a massless pole and
an additive pole-less term which does not contribute to correlations and can be ignored. For
Φ, the scalar propagator is given by,
(OΦ)−1(x, x′) =
∫ d4p
(2pin)e
−ip·(x−x′) 1
p2 + α2 . (3.42)
3.3.2 Quantum corrections
Since all terms in 〈S1〉 are local, they correspond to tadpole diagrams. We solve these
integrals in two steps: first, the derivatives of field fluctuations are transformed to momentum
space by substituting Eqs. (3.36), (3.41), and (3.42). We also perform by-parts integrals to
get rid of derivatives of hµν , so that in all expressions below, a coefficient hµν is understood
to be present but not explicitly written. The Fourier transformed 〈S1〉 then has terms of the
form,
∫
d4xA(x)〈∂mδ ∂nδ〉 −→
∫
d4x
d4p
(2pin)A(x)(−ip)
m(ip)n〈δpδp〉, (3.43)
where, tensor indices of A(x) and δ have been omitted for convenience. δ is the quantum
field fluctuation, and 〈δpδp〉 represents the propagator(s) in momentum space.
The second step is to replace 〈δpδp〉 with values of Green’s function and evaluate the
integrals. We primarily use the results in Ref. [138] to evaluate the divergent terms of most
of the integrals, except those involving anisotropic term (bρσpσ)2. There are two types of
45
Chapter 3. Quantum Aspects of Antisymmetric Tensor Field with Spontaneous Lorentz
Violation
pole-less integrals coming from Eq. (3.36):
∫
d4x
d4p
(2pin)A(x)
pµ...pβ
p2
;
∫
d4x
d4p
(2pin)A(x)
pµ...pβ
(bρσpσ)2
, (3.44)
with up to four pµ’s in the numerator. The first integral vanishes due to the lack of a physical
scale [138]. To solve the second integral, we use the approach developed in [139–142], and
find that it also does not have any physical contribution.
Next, there are broadly three types of integrals with non-zero poles arising from the rest
of propagators:
∫
d4x
d4p
(2pin)A(x)
pµ...pβ
p2 + α2 ;
∫
d4x
d4p
(2pin)A(x)
pµ...pβ
p2(p2 + α2) ;∫
d4x
d4p
(2pin)A(x)
pµ...pβ
(bρσpσ)2 + α2/2
; (3.45)
Again, the solutions to first two types of integrals are available in Ref. [138]. We solve the
third type of integral as follows. Following [139], we write
∫
d4p
1
(bρσpσ)2 + α2/2
=
∫
d4p
∫ ∞
0
dθ exp[−θ((bρσpσ)2 + α2/2)]. (3.46)
Integrating over d4p, followed by writing the integral over θ in terms of Γ function leads
to familiar expressions encountered in dimensional regularization, which finally yields the
divergent part as ( = n− 4),
divp
(∫
d4p
1
(bρσpσ)2 + α2/2
)
= − pi
2α2
2
√
det(bµρbρν)
2

, (3.47)
which is identical to that of a scalar propagator integral except for the
√
det(bµρbρν) in the
denominator. For our choice of bµν , Eq. (3.2) with a = 0 and b = 1/
√
2, this term becomes
a diagonal matrix,
bµρb
ρν = diag(0 0 1/2 1/2), (3.48)
implying that the determinant is zero. It turns out however, that this determinant appears
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as a factor in the denominator of the divergent part of effective action, and hence we use a
regularization factor ′ to write,
bµρb
ρν = lim
′→0
diag(′ ′ 1/2 1/2). (3.49)
With these inputs in xAct [136], the final result for the divergent part of 1-loop effective
after some further manipulations, is obtained as,
divp(Γ1) =
1
16pi2
(
α4κhaa +
1√
det(bµρbρν)
(
− 116α4κhµbbabbµa − 332α4κhbbbaµbµa
− 112α4κhµcbabbbνbcνbµa − 5192α4κhbcbaµbbνbcνbµa + 1192α4κhνcbbcbbνbµabµa
+ 196α
4κhbcb
bνbcνbµab
µa − 1384α4κhccbaνbbνbµbbµa − 148α4κhνcbaνbcbbµbbµa
+ 5192α
4κhbcba
νbcνbµ
bbµa − 1384α4κhccbaµbbνbµabνb + 5384α4κhccbbνbµabµabνb
+ 5192α
4κhccba
νbµ
bbµabνb + 1192α
4κhµcba
bbb
νbµabν
c + 1192α
4κhbcbaµb
bνbµabν
c
− 7192α4κhbcbbνbµabµabνc − 196α4κhbcbaνbµbbµabνc − 1384α4κhccbabbbνbµabνµ
− 196α4κhbcbcνbµbbµabνa + 196α4κhµcbabbcνbµabνb
))
(3.50)
where  = n − 4 (as n → 4) is the divergence parameter from dimensional regularization.
Eq. (3.50) presents the divergent piece of one loop corrections of antisymmetric tensor field
theory with spontaneous Lorentz violation at leading order in field fluctuations in a nearly
flat spacetime, and is valid for a vacuum value that supports monopole solutions. The one-
loop divergence structures in principle lead to corrections to parameters (or couplings) in the
classical action through counterterms (for example, in Ref. [105]). Studying such corrections
is interesting at higher orders in background fields, but lie beyond the scope of present work.
Also, it is not easy to compare theories with and without spontaneous Lorentz violation in the
present context, because the simplest (spontaneously) Lorentz violating potential contains
up to quartic order terms in fields; while without Lorentz violation, the potential(s) that
have been studied in the past [54] are quadratic in field components.
47
Chapter 3. Quantum Aspects of Antisymmetric Tensor Field with Spontaneous Lorentz
Violation
3.4 Quantum Equivalence
The classical Lagrangian (3.6) can be written in an equivalent form where the field Bµν can
be eliminated through the introduction of a vector field, so that the resulting Lagrangian
describes a classically equivalent vector theory with spontaneous Lorentz violation. In this
section, we will check their quantum equivalence at one-loop level.
Checking classical equivalence of two theories is an interesting theoretical exercise, be-
cause it provides insight into the degrees of freedom and dynamical properties of theories
that may be described by very different fields, like in 2-form, 1-form or a scalar field theo-
ries, and thus may lead to several simplifications in a given theory. This problem naturally
extends to the quantum regime, and it is certainly not trivial to prove quantum equivalence
of two classically equivalent theories especially in curved spacetime. For instance, it can be
shown that a massive 2-form field is quantum equivalent to a massive vector field because
of some special topological properties of zeta functions [54]. However, it is extremely diffi-
cult to perform similar analyses when, for example, the Lorentz symmetry is spontaneously
broken [117]. In flat spacetime, establishing quantum equivalence is indeed trivial, because
there is no field dependence in Γ1 (Eq. (3.22)) and hence effective actions of two theories do
not possess any physical distinction.
On the contrary, in curved spacetime, the presence of metric makes things interesting.
Only problem is, the effective action cannot be calculated exactly. So, our best bet, in this
case, is to do a perturbative study like the one in the previous section.
Classical equivalence of Eq. (3.6) was explored in Ref. [40], it was found to be equivalent
to,
L = 12BµνF
µν − 12C
µCµ − 14α
2
(
bµνB
µν
)2
, (3.51)
where,
Fµν = 12µνρσF
µν . (3.52)
Cµ is a vector field and Fµν is as defined before. We choose to continue with the same
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symbol for vector and Stückelberg field to avoid unnecessary complications. Eq. (3.51) can
be written exclusively in terms of Cµ through the use of projection operators,
T||µν = bρσT ρσbµν ,
T⊥µν = Tµν − T||µν , (3.53)
for any two-rank tensor Tµν , and subsequently using the equations of motion for B||µν and
B⊥µν , to obtain,
α2L = 14
(
b˜µνF
µν
)2 − 12α2CµCµ, (3.54)
where we have defined b˜µν =
1
2µνρσb
ρσ. Note that Lorentz violation enters Eq. (3.54)
through the kinetic term, although it is still gauge-symmetric. A similar exercise of applying
Stückelberg procedure leads to the gauge fixed action in flat spacetime,
S˜0 =
∫
d4x
(1
2C
µOC′µνCν +
1
2ΦO
ΦΦ
)
(3.55)
where,
OC′µν = −
1
2
(
b˜σµb˜ρν∂
σ∂ρ + b˜σν b˜ρµ∂σ∂ρ
)
+ 12∂µ∂ν −
1
2α
2ηµν . (3.56)
A similar calculation of the propagator yields,
(OC′)−1µν (x, x′) =
∫ d4p
(2pi4)e
−ip·(x−x′)
(
− 1
p2 + α2P
(1)
µν −
1
α2
P(2)µν −
1
α2
(b˜ρσpσ)2
−(b˜ρσpσ)2 + α2/2
P˜(3)µν
)
,(3.57)
where P˜(3)µν has the same form as P3µν but with b˜µν instead of bµν . Finally, the one-loop
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effective action is found to be,
divp(Γ˜1) =
1
16pi2
(
α4κhaa +
1√
− det(b˜µρb˜ρν)
(
1
96α
4κhecb˜adb˜
adb˜b
cb˜be + 132α
4κhbbb˜
acb˜ca
− 116α4κhabb˜acb˜cb + 1192α4κhbcb˜adb˜adb˜beb˜ce − 196α4κhacb˜adb˜beb˜ceb˜db
+ 196α
4κhecb˜a
bb˜adb˜b
cb˜d
e − 1384α4κhccb˜abb˜adb˜beb˜de − 196α4κhecb˜abb˜adb˜cbb˜de
+ 5192α
4κhbcb˜a
bb˜adb˜ceb˜d
e − 1384α4κhccb˜adb˜beb˜dbb˜ea + 1384α4κhccb˜adb˜adb˜beb˜eb
− 1384α4κhccb˜adb˜beb˜dab˜eb + 1192α4κhccb˜abb˜adb˜deb˜eb − 164α4κhbcb˜adb˜adb˜beb˜ec
+ 1192α
4κhbcb˜
adb˜beb˜dab˜e
c + 1192α
4κhacb˜
adb˜b
eb˜d
bb˜e
c − 148α4κhbcb˜abb˜adb˜deb˜ec
− 1192α4κhdbb˜abb˜adb˜ceb˜ec
))
(3.58)
Upon comparing Eqs. (3.50) and (3.58), we can immediately notice that the first term
is identical, while the rest of terms appearing with bµν and b˜µν do not match. The first
term arises from the propagator of non-Lorentz violating modes, while all the other terms
correspond to contributions from propagator of (spontaneously) Lorentz violating modes.
Hence, the quantum equivalence holds along non-Lorentz violating modes but not along
Lorentz violating modes involving bµν . This conclusion is validated by the results of Ref. [55],
where it was shown that when there are topologically nontrivial monopole-like solutions of
the spontaneous symmetry breaking equations, the interaction with gravity of the vector
and tensor theories are different.
3.5 Summary
Study of spontaneous Lorentz violation with rank-2 antisymmetric tensor is interesting be-
cause of the possibility of rich phenomenological signals of SME in future experiments. Since
antisymmetric tensor fields are likely to play s significant role in the early universe cosmol-
ogy, studying their quantum aspect is a natural extension of classical analyses. In a past
study [117], it was found that issues like quantum equivalence are difficult to address in
a general curved spacetime. This problem is overcome here by adopting a perturbative
approach to evaluating effective action, that is also general enough to be applied to more
complicated models including interaction terms.
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We quantized a simple action of an antisymmetric tensor field with a nonzero vev driv-
ing potential term that introduces spontaneous Lorentz violation, using a covariant effective
action approach at one-loop. The one-loop corrections were calculated in a nearly flat space-
time, at O(κ~). We revisited the issue of quantum equivalence, and found that for the non-
Lorentz-violating modes (independent of vev bµν), antisymmetric tensor field is quantum-
equivalent to a vector field. However, contributions from the Lorentz violating part of the
propagator leads to different terms in effective actions, and as a result, ∆Γ = Γ1 − Γ˜1 6= 0,
i.e. the theories are not quantum equivalent.
51

Chapter 4
Covariant Quantum Corrections to a
Scalar Field Model Inspired by
Nonminimal Natural Inflation
So far in this thesis, we have generalized the covariant quantization formalism using DeWit-
Vilkovisky approach in Chapter 2, and applied it to compute one-loop effective action in a
nearly flat spacetime, without quantizing gravity, in Chapter 3. Although our focus has been
the rank-2 antisymmetric tensor field, the computation method and formalism developed in
the previous chapters is quite general in terms of applicability to other models. In this
chapter, we take the next step by including graviton loop corrections by quantizing the
perturbations about Minkowski background. This time, we shift our focus to a scalar field
model inspired by natural inflation. The present treatment can be applied to antisymmetric
tensor fields as well, and are part of our future plans once cosmologically relevant models
are developed (see Refs. [37,38,112,143] for recent developments).
The organization of this chapter is as follows. In Sec. 4.1, we introduce and briefly review
the nonminimal natural inflation model. Sec. 4.2 covers a review of covariant effective action
formalism, notations, and the methodology of our calculations. Sec. 4.3 constitutes a major
part of this chapter, detailing the calculations of each contributing term mentioned in Sec.
4.2, along with the divergent part, loop integrals, and renormalization. Some past results
and their extensions have also been presented. Finally, in Sec. 4.4, we derive the effective
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potential including the finite corrections from the loop integrals, and perform an order-of-
magnitude estimation of quantum corrections. The contents of this chapter are part of
Refs. [144,145]
4.1 Periodic nonminimal natural inflation model
Natural inflation (NI) was first introduced by Freese et al. [146] as an approach where infla-
tion arises dynamically (or naturally) from particle physics models. We consider a recently
proposed modification of the NI model, wherein a periodic nonminimal coupling term sim-
ilar to NI potential is added along with a new parameter, that eventually leads to a better
fit with Planck results [147]. These phenomenological implications are in no way the only
motivation for considering this model in the present work. Rather, it serves as a toy model
to achieve our mainly three objectives, which are as follows. First, to set up the computation
using symbolic manipulation packages to evaluate one-loop covariant effective action up to
quartic order terms in the background field. As a starting point, we work in the Minkowski
background. Second, we aim to recover and establish past results. And third, we wish to
estimate the magnitudes of quantum gravitational corrections from the finite contributions
at least for the effective potential, since there are typically several thousands of terms one
has to deal with.
In natural inflation models, a flat potential is effected using pseudo Nambu-Goldstone
bosons arising from breaking the continuous shift symmetry of Nambu-Goldstone modes into
a discrete shift symmetry. As a result, the inflation potential in a Natural inflation model
takes the form,
V (φ) = Λ4 (1 + cos(φ/f)) ; (4.1)
where the magnitude of parameter Λ4 and periodicity scale f are model dependent. Majority
of natural inflation models are in tension with recent Planck 2018 results [77]. However, it was
shown in Ref. [148] that once neutrino properties are more consistently taken into account
when analyzing the data, natural inflation does marginally agree with data.
This work concerns a recently proposed extension of the original natural inflation model
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introducing a new periodic non-minimal coupling to gravity [147]. The authors in [147]
showed that the new model leads to a better fit with observation data thanks to the in-
troduction of a new parameter in the nonminimal coupling term, with ns and r values well
within 95% C.L. region from combined Planck 2018+BAO+BK14 data. An important fea-
ture of this model is that f becomes sub-Planckian, contrary to a super-Planckian f in
the original natural inflation model [146], and thus addresses issues related to gravitational
instanton corrections [66, 149–152].
Our objective here is to study one-loop quantum gravitational corrections to the natural
inflation model with non-minimal coupling, using Vilkovisky-DeWitt’s covariant effective
action approach [14]. One of the first works considering one-loop gravitational corrections
were pioneered by Elizalde and Odintsov [153–156]. Vilkovisky-DeWitt method was used to
study effective actions in Refs. [157–161]. Unfortunately, although non-covariant effective
actions can in principle be evaluated using proper time methods, calculating the covariant
effective action exactly even at one-loop is highly nontrivial. Hence, we take a different
route by employing a perturbative calculation of one-loop effective action, in orders of the
background scalar field. This requires us to apply a couple of approximations. First, we
work in the regime where potential is flat, i.e. φ  f , which is generally true during slow-
rolling inflation. Second, the background metric is set to be Minkowski. This choice is
debatable, since it does not accurately represent an inflationary scenario, but has been used
before [68, 101] as a first step towards studying quantum corrections.
The action for the nonminimal natural inflation in the Einstein frame is given by,
S =
∫
d4x
√−g
(
−2R
κ2
+ 12K(φ)φ;aφ
;a + V (φ)(γ(φ))4
)
(4.2)
where,
γ(φ)2 = 1 + α
(
1 + cos
(
φ
f
))
, (4.3)
and,
K(φ) = 1 + 24γ
′(φ)2/κ2
γ(φ)2 . (4.4)
V (φ) is as in Eq. (4.1). Here, φ;a ≡ ∇aφ denotes the covariant derivative. In the region
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where potential is flat, φ/f  1, and we expand all periodic functions in Eq. (4.2) up to
quartic order in φ followed by rescaling
√
k0φ→ φ:
S ≈
∫
d4x
√−g
(
−2R
κ2
+ 12
m2
k0
φ2 + 124
λ
k20
φ4 + 12(1 +
k1
k20
φ2)φ;aφ;a
)
+O(φ5) (4.5)
where parameters m,λ, k0 and k1 have been defined out of α, f and Λ4 in from Eq. (4.2):
m2 = Λ
4(2α− 1)
(1 + 2α)3f 2 ;
λ = Λ
4(8α2 − 12α + 1)
(1 + 2α)4f 4 ;
k0 =
1
1 + 2α ;
k1 =
α(κ2f 2 + 96α2 + 48α)
2κ2f 4(1 + 2α)2 .
(4.6)
We have also omitted a constant term appearing in (4.5) because such terms are negligibly
small in early universe. The action (4.5) is in effect a φ4 scalar theory with derivative
coupling.
4.2 The one-loop effective action
A standard procedure while calculating loop corrections in quantum field theory, is to use
the well known background field method, according to which a field is split into a classi-
cal background and a quantum part that is much smaller in magnitude (and hence treated
perturbatively) [9–11]. A by-product of this procedure is the background and gauge depen-
dence of quantum corrections, which is why we use the gauge- and background- independent
version of one-loop effective action [12,13],
Γ[ϕ¯] = − ln
∫
[dζ][dc¯α][dcβ] exp
[
−ζ
iζj
2
(
S,ij[ϕ¯]− ΓkijS,k[ϕ¯]
)
− 14αfαβχ
αχβ − c¯αQαβcβ
]
.(4.7)
The evaluation of effective action is carried out as follows. For a theory S[ϕ] with fields
ϕi, calculations are performed about a classical background ϕ¯i: ϕi = ϕ¯i + ζ i, where ζ i is
the quantum part. In our case, ϕi = {gµν(x), φ(x)}; ϕ¯i = {ηµν , φ¯(x)} where ηµν is the
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Minkowski metric; and, ζ i = {κhµν(x), δφ(x)}. The fluctuations ζ i are assumed to be small
enough for a perturbative treatment to be valid, viz. |κhµν |  1; |δφ|  |φ|. In this limit,
the infinitesimal general coordinate transformations can be treated as gauge transformations
associated with hµν [4, 162]. In fact, for any metric gµν(x), this infinitesimal transformation
takes the form,
δgµν = −δλgµν,λ − δλ ,µgλν − δλ ,νgλµ. (4.8)
The computation of Eq. (4.7) traditionally has involved the use of proper time method,
such as employing the heat kernel technique. For Laplace type operators (coefficients of
ζ iζj in the exponential), of the form gµν∇µ∇ν + Q (where Q does not contain derivatives),
the heat kernel coefficients are known and are quite useful because they are independent
of dimensionality [15]. However, these operators in general are not Laplace type, as in the
present case. A class of nonminimal operators such as the one in Eq. (4.7) can be trans-
formed to minimal (Laplace) form using the generalised Schwinger-DeWitt technique [116],
but in practice the implementation is quite complicated and specific to a given Lagrangian.
Examples of such an implementation can be found in Refs. [163, 164]. We take a differ-
ent approach here, calculating the one-loop effective action perturbatively in orders of the
background field. While one does not obtain exact results in a perturbative approach, un-
like the heat kernel approach, it is possible to obtain accurate results up to a certain order
in background fields which is of relevance for a theory in, say, the early universe. Some
past examples are Refs. [68, 101]. Moreover, our implementation of this method using xAct
packages for Mathematica [135,136] is fairly general in terms of its applicability to not only
scalars coupled with gravity, but also vector and tensor fields (see, for instance, Ref. [42]). A
caveat at this time, is that the perturbative expansions are performed about the Minkowski
background and not a general metric background. As a result, contributions from Ricci
curvature corrections do not appear in the current calculations. However, a generalization
to include FRW background is part our future plans.
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For convenience, we write the exponential in the first term of Γ as,
exp[· · · ] = exp
{
−
(
S˜[ϕ¯0] + S˜[ϕ¯1] + S˜[ϕ¯2] + S˜[ϕ¯3] + S˜[ϕ¯4]
)}
≡ exp
{
−(S˜0 + S˜1 + S˜2 + S˜3 + S˜4)
}
(4.9)
S˜0 yields the propagator for each of the fields ζ i. The rest of the terms are contributions
from interaction terms, which we assume to be small. Treating S˜1, ..., S˜4 as perturbative,
and expanding Eq. (4.9), Γ[ϕ¯] can be written as,
Γ[ϕ¯] = − ln
∫
[dζ][dc¯α][dcβ]e−S0(1− δS + δS
2
2 + · · · );
= − ln(1− 〈δS〉+ 12〈δS
2〉+ · · · ); (4.10)
where δS = ∑4i=1 S˜i and 〈·〉 represents the expectation value in the path integral formulation.
Finally, we use ln(1+x) ≈ x to find the contributions to Γ at each order of background field.
We only use the leading term in the logarithmic expansion, since all higher order terms
will yield contributions from disconnected diagrams viz-a-viz 〈δS〉2, etc which we ignore
throughout our calculation. Moreover, since we are interested in terms up to quartic order
in background field, we truncate the Taylor series in Eq. (4.10) up to δS4. With these
considerations, the final contributions to Γ at each order of ϕ¯ is:
O(ϕ¯) : 〈S˜1〉;
O(ϕ¯2) : 〈S˜2〉 − 12〈S˜
2
1〉;
O(ϕ¯3) : 〈S˜3〉 − 〈S˜1S˜2〉+ 16〈S˜
3
1〉;
O(ϕ¯4) : 〈S˜4〉 − 〈S˜1S˜3〉+ 12〈S˜
2
1 S˜2〉 −
1
2〈S˜
2
2〉 −
1
24〈S˜
4
1〉. (4.11)
Also, we recall that the metric fluctuations have a factor of κ. Accordingly, the terms
in Eq. (4.11) will also contain powers of κ. It turns out, as will be shown below, that
all contributions are at most of the order κ4. Expecting O(κ4) terms to be significantly
suppressed, we only take into account the corrections up to O(κ2). In what follows, we will
detail the evaluation of terms in Eq. (4.11).
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4.3 Covariant one-loop corrections
4.3.1 Setup
The first step towards writing Γ[ϕ¯] in Eq. (4.7) is to identify the field space metric, given in
terms of the field-space line element,
ds2 = Gijdϕidϕj (4.12)
=
∫
d4xd4x′
(
Ggµν(x)gρσ(x′)dgµν(x)dgρσ(x′) +Gφ(x)φ(x′)dφ(x)dφ(x′)
)
. (4.13)
A prescription for identifying field space metric is to read off the components of Gij from
the coefficients of highest derivative terms in classical action functional [18]. For the scalar
field φ(x), the field-space metric is chosen to be,
Gφ(x)φ(x′) =
√
g(x)δ(x, x′); (4.14)
For the metric gµν(x), a standard choice for field-space metric is [14, 105]
Ggµν(x)gρσ(x′) =
√
g(x)
κ2
{
gµ(ρ(x)gσ)ν(x)− 12g
µν(x)gρσ(x)
}
δ(x, x′), (4.15)
where the brackets around tensor indices in the first term indicate symmetrization. As a
convention, we choose to include κ2 factor in Eq. (4.15) to account for dimensionality of
the length element in Eq. (4.13), although choosing otherwise is also equally valid as long
as dimensionality is taken care of. The inverse metric can be derived from the identity
GijG
jk = δki :
Ggµν(x)gρσ(x
′) = κ2
{
gµ(ρ(x)gσ)ν(x)− 12gµν(x)gρσ(x)
}
δ(x, x′); (4.16)
Gφ(x)φ(x
′) = δ(x, x′). (4.17)
Next, using Eqs. (4.14)-(4.17), one can find the Vilkovisky-DeWitt connections Γkij which
has an identical definition to the Christoffel connections thanks to the Landau-DeWitt gauge
choice. Out of a total of six possibilities there are three non-zero connections obtained as
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follows:
Γgλτ (x)gµν(x′)gρσ(x′′) = δ(x
′′, x′)δ(x′′, x)
[
−δ(µ(λgν)(ρ(x)δσ)τ) +
1
4g
µν(x)δρ(λδστ) +
1
4g
ρσ(x)δµ(λδντ)
+14gλτ (x)g
µ(ρ(x)gσ)ν(x)− 18gλτ (x)g
µν(x)gρσ(x)
]
(4.18)
Γgλτ (x)φ(x′)φ(x′′) =
κ2
4 δ(x
′′, x′)δ(x′′, x)gλτ (x) (4.19)
Γφ(x)φ(x′)gλτ (x′′) =
1
4δ(x
′′, x′)δ(x′′, x)gλτ (x) = Γφ(x)gλτ (x′)φ(x′′). (4.20)
Note that upon substituting into Eq. (4.7), all calculations here are evaluated at the back-
ground field(s) which in our case is the Minkowski metric and a scalar field φ¯(x). We also
recall that this rather unrestricted choice of background is allowed because of the DeWitt
connections that ensure gauge and background independence. As alluded to earlier, the
Landau-DeWitt gauge condition, Kαi[ϕ¯]ζ i = 0, is given in terms of the gauge generators
Kαi. Since there is only one set of transformations vi-a-viz general coordinate transforma-
tion, there exists one gauge parameter which we call ξλ(x). In the condensed notation, this
corresponds to δα where α→ (λ, x). Gauge generator on the gravity side Kgµνλ (x, x′) is read
off from Eq. (4.8), while Kφλ (x, x′) is read off from the transformation of φ:
δξφ = −∂µφξλ. (4.21)
Substituting in the definition of χα[ϕ¯] in coordinate space, we obtain
χλ[φ¯] =
∫
d4x′
(
Kgµνλ(x, x′)κhµν(x′) +Kφλ(x, x′)δφ(x′)
)
= 2
κ
(
∂µhµλ − 12∂λh
)
− ω∂λφ¯δφ. (4.22)
where ω is a bookkeeping parameter, which we adopt from Ref. [105]; a second such parameter
ν (not to be confused with the tensor index), appears with all Vilkovisky-DeWitt connection
terms to keep track of gauge (non-)invariance. That is, we write S;ij = S,ij − νΓkijS,k.
As shown later, playing with these parameters reproduces past non-gauge-invariant results.
Here and throughout, the indices of field-space quantities like the gauge generator are raised
and lowered using field-space metric defined in Eqs. (4.14) - (4.17). Lastly, we choose
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fαβ = κ2ηλλ′δ(x, x′) in Eq. (4.7) to determine the gauge fixing term. One last piece needed
before background-field-order expansions, the ghost term Qαβ. We use the definition [14],
Qαβ ≡ χα,iKiβ, to obtain
Qµν =
(
−2
κ
ηµν∂α∂
α + ω∂µφ¯∂νφ¯
)
δ(x, x′). (4.23)
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4.3.2 Loop integrals and divergent parts
Substituting the connections, the gauge fixing term and the ghost term along with action
(4.5) in Eq. (4.7), and employing the notations in Eq. (4.9), we obtain:
S˜0 =
∫
d4x
[
m2(δφ)2
2k0
+ 12δφ,aδφ
,a − 2habhcc,a,b − 2c¯
aca
,b
,b
κ
+ habhac,b,c − h
abha
c
,b,c
α
+haahbc,b,c +
haah
bc
,b,c
α
− 12habhab,c,c + 12haahbb,c,c −
haah
b
b
,c
,c
4α
]
; (4.24)
S˜1 =
∫
d4x
[
m2κδφhaaφ¯
2k0
− m
2κνδφhaaφ¯
4k0
− 12κδφhbbφ¯,a,a + 14κνδφhbbφ¯,a,a − 12κδφhbb,aφ¯,a
+κωδφh
b
b,aφ¯
,a
2α + κδφφ¯
,aha
b
,b − κωδφφ¯
,aha
b
,b
α
+ κδφhabφ¯,a,b
]
; (4.25)
S˜2 =
∫
d4x
[
−m
2κ2habh
abφ¯2
8k0
+ m
2κ2haah
b
bφ¯
2
16k0
+ λφ¯
2(δφ)2
4k20
− m
2κ2νφ¯2(δφ)2
8k0
+k1φ¯
2δφ,aδφ
,a
2k20
+ 2k1δφφ¯φ¯,aδφ
,a
k20
− 18κ2hbchbcφ¯,aφ¯,a + 116κ2νhbchbcφ¯,aφ¯,a
+ 116κ
2hbbh
c
cφ¯,aφ¯
,a − 132κ2νhbbhccφ¯,aφ¯,a +
k1(δφ)2φ¯,aφ¯,a
2k20
− 116κ2ν(δφ)2φ¯,aφ¯,a
+κ
2ω2(δφ)2φ¯,aφ¯,a
4α + ωc
ac¯bφ¯,aφ¯,b + 12κ
2ha
chbcφ¯
,aφ¯,b − 14κ2νhachbcφ¯,aφ¯,b
−14κ2habhccφ¯,aφ¯,b + 18κ2νhabhccφ¯,aφ¯,b
]
; (4.26)
S˜3 =
∫
d4x
[
κλδφhaaφ¯
3
12k20
− κλνδφh
a
aφ¯
3
24k20
+ k1κνδφh
b
bφ¯
2φ¯,a,a
4k20
+ k1κh
b
bφ¯
2φ¯,aδφ
,a
2k20
+k1κδφh
b
bφ¯φ¯,aφ¯
,a
2k20
+ k1κνδφh
b
bφ¯φ¯,aφ¯
,a
4k20
− k1κhabφ¯
2δφ,aφ¯,b
k20
− k1κδφhabφ¯φ¯
,aφ¯,b
k20
]
;(4.27)
S˜4 =
∫
d4x
−κ2λhabhabφ¯496k20 +
κ2λhaah
b
bφ¯
4
192k20
− κ
2λνφ¯4(δφ)2
96k20
− k1κ
2hbch
bcφ¯2φ¯,aφ¯
,a
8k20
+k1κ
2νhbch
bcφ¯2φ¯,aφ¯
,a
16k20
+ k1κ
2hbbh
c
cφ¯
2φ¯,aφ¯
,a
16k20
− k1κ
2νhbbh
c
cφ¯
2φ¯,aφ¯
,a
32k20
−k1κ
2νφ¯2(δφ)2φ¯,aφ¯,a
16k20
+ k1κ
2ha
chbcφ¯
2φ¯,aφ¯,b
2k20
− k1κ
2νha
chbcφ¯
2φ¯,aφ¯,b
4k20
−k1κ
2habh
c
cφ¯
2φ¯,aφ¯,b
4k20
+ k1κ
2νhabh
c
cφ¯
2φ¯,aφ¯,b
8k20
; (4.28)
Here, the indices (a, b, c, . . . ) and (µ, ν, ρ, . . . ) are used interchangeably to denote the gauge
indices. S˜0 leads to the well known free theory propagators for gravity and massive scalar
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field and the ghost field respectively,
D(x, x′) =
∫ d4k
(2pi)4 e
ik·(x−x′)D(k) = 〈δφ(x)δφ(x′)〉;
Dαβµν(x, x′) =
∫ d4k
(2pi)4 e
ik·(x−x′)Dαβµν(k) = 〈hαβ(x)hµν(x′)〉; (4.29)
DGµν(x, x′) =
∫ d4k
(2pi)4 e
ik·(x−x′)DGµν(k) = 〈c¯µ(x)cν(x′)〉;
where,
D(k) = 1
k2 + m2
k0
; (4.30)
Dαβµν(k) =
δαµδβν + δανδβµ − δαβδµν
2k2 +
(α− 1)δαµkβkν + δανkβkµ + δβµkαkν + δβνkαkµ2k4 ; (4.31)
DGµν(k) =
1
k2
δµν . (4.32)
Looking at the structure of rest of the terms S˜i, it is straightforward to conclude that all terms
with odd combinations of hµν(x) and δφ(x) appearing in Eqs. (4.11) will not contribute to the
effective action, since 〈hαβ(x)δφ(x′)〉 = 0. Therefore, 〈S˜1〉 = 0 and there is no contribution
at O(φ¯) to the one-loop effective action. Similarly, 〈S˜3〉 = 〈S˜1S˜2〉 = 〈S˜31〉 = 0, and hence
at O(φ¯3) too, there is no contribution to the effective action. Hence, the only non-zero
contributions in Eq. (4.11) come at O(φ¯2) and O(φ¯4). In the latter, we ignore 〈S41〉 terms
since they are relevant at O(κ4) and above while we are interested in terms up to κ2 order.
Expectation value of S˜i consists of local terms, and thus describes contributions from tadpole
diagrams.
The ghost term appears only in S˜2. However, it can be shown that at O(φ¯2) it yields no
nontrivial contributions, and as a result, has usually been ignored in past literature where
only quadratic order corrections were considered [68,101,105]. Consider the ghost propagator
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(4.32). Because there is no physical scale involved, the term containing ghost in (4.26) yields,
〈∫
d4xωcac¯bφ¯,aφ¯,b
〉
=
∫
d4xωφ¯,aφ¯,b〈cac¯b〉
=
∫
d4xωφ¯,aφ¯,b
∫ d4k
(2pi)4 δ
ab 1
k2
, (4.33)
which in four dimensions gives no physical result. The only nontrivial ghost contribution
comes at quartic order in background field.
Eventually, finding the one-loop corrections then boils down to evaluating up to κ2 order,
the quadratic and quartic order corrections from the following:
Γ = 〈S˜2〉 − 12〈S˜
2
1〉+ 〈S˜4〉 − 〈S˜1S˜3〉+
1
2〈S˜
2
1 S˜2〉 −
1
2〈S˜
2
2〉. (4.34)
In principle, solving Eq. (4.34) broadly consists of two steps: (i) writing each term in terms
of the Fourier space integral(s) of Green’s functions found in Eqs. (4.30) - (4.32); and (ii)
solving the resulting loop integrals. In this section, we restrict ourselves to writing just the
divergent part of effective action, since there are already several thousand terms to deal with
and writing their finite parts would introduce unnecessary complexity. We do consider finite
part in the subsequent section, where we evaluate the effective potential after assuming all
derivatives of background fields to be zero.
Calculating 〈S˜i〉
We first deal with 〈S˜2〉 and 〈S˜4〉. For convenience, we do not explicitly write the tensor
indices of correlators, fields and their coefficients. First, the derivatives of field fluctuations
are transformed to momentum space:
∫
d4xA(x)〈∂mδ(x) ∂nδ(x′)〉 −→
∫
d4x
d4p
(2pi4)A(x)(−ip)
m(ip)n〈δp(x)δp(x′)〉, (4.35)
where, δ(x) and A(x) represent the field fluctuations and coefficients respectively. δ(x) here
represents any of the fields (δφ(x), hµν(x), cµ(x), c¯µ(x)), and is not to be confused with the
Dirac delta function δ(x, x′). 〈δpδp〉 represents the propagator(s) in momentum space. Then,
〈δpδp〉 is replaced with values of Green’s function to obtain the loop integrals. For solving
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integrals here, we primarily use the results in Ref. [138] to evaluate the divergent terms
in dimensional regularization, except for some higher rank two-point integrals that appear
below, which we solve by hand using well known prescriptions [139, 165]. There are three
types of loop integrals coming from Eqs. (4.26) and (4.28):
∫
d4x
d4p
(2pi4)A(x)
1
p2
;
∫
d4x
d4p
(2pi4)A(x)
pµpν
p4
;
∫
d4x
d4p
(2pi4)A(x)
1
p2 + m2
k0
. (4.36)
The first two integrals are pole-less, and vanish due to the lack of a physical scale [138]. The
third integral is straightforward and contributes to the divergent part. See appendix C for
values of all integrals appearing here, including finite parts for some integrals used in the
next section.
Calculating 〈S˜iS˜j〉
〈S˜1S˜1〉 and 〈S˜1S˜3〉 contain terms of the form,
∫
d4x
∫
d4x′A(x)B(x′)〈δφ(x)δφ(x′)〉〈h(x)h(x′)〉 (4.37)
=
∫
d4x
∫ d4k
(2pi)4
d4k′
2pi4
d4k′′
2pi4 A(x)B˜(k
′′)Dφφ(k)Dhh(k′)e−i(k+k
′)·xδ(4)(k + k′ − k′′)
=
∫
d4xA(x)
∫ d4k
(2pi)4 e
−ik·xB˜(k)
∫ d4k′
(2pi)4Dφφ(k − k′)Dhh(k′) (4.38)
where A(x), B(x′) are classical coefficients, and Dφφ, Dhh are scalar and gravity propagators
respectively; B˜(k) is the Fourier transform of B(x′). There are also the derivatives of Eq.
(4.37) present, and are dealt with in a way similar to Eq. (4.35), leading to factors of k′µ in
the loop integrals. Consequently, we encounter three types of loop integrals:
∫ d4k′
(2pi)4
k′a . . . k′b
(k′ − k)2 + m2
k0
;
∫ d4k′
(2pi)4
k′a . . . k′b
k′2((k′ − k)2 + m2
k0
)
;
∫ d4k′
(2pi)4
k′a . . . k′b
k′4((k′ − k)2 + m2
k0
)
;(4.39)
which constitute standard one-, two- and three-point n-rank integrals (n = 0, 1, 2).
Likewise, 〈S˜2S˜2〉 yields 4−point correlators given by,
〈δφ(x)δφ(x)δφ(x′)δφ(x′)〉; 〈δφ(x)δφ(x)h(x′)h(x′)〉; 〈δφ(x)δφ(x)c¯(x′)c(x′)〉;
〈h(x)h(x)c¯(x′)c(x′)〉; 〈c¯(x)c(x)c¯(x′)c(x′)〉; 〈h(x)h(x)h(x′)h(x′)〉 (4.40)
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The second, third and fourth terms in (4.40) are of the form 〈δ(x)δ(x)δ′(x′)δ′(x′)〉 (again,
δ(x), δ(x′) denote the fields), thereby corresponding to disconnected tadpoles and hence do
not give any meaningful contribution. The rest of 4−point correlators in Eq. (4.40) are re-
solved into 2−point functions using Wick theorem [2,166]. Fortunately, the last term involv-
ing only graviton propagators can be ignored since it only contains O(κ4) terms. Moreover,
〈c¯(x)c¯(x′)〉 = 〈c(x)c(x′)〉 = 0. Therefore, after applying Wick theorem, the final contribution
in Eq. (4.40) comes from,
〈δφ(x)δφ(x)δφ(x′)δφ(x′)〉 = 〈δφ(x)δφ(x′)〉〈δφ(x)δφ(x′)〉+ 〈δφ(x)δφ(x′)〉〈δφ(x)δφ(x′)〉;(4.41)
〈c¯(x)c(x)c¯(x′)c(x′)〉 = 〈c¯(x)c(x′)〉〈c¯(x)c(x′)〉. (4.42)
Using Eq. (4.41) and (4.42) in 〈S˜2S˜2〉 along with Eqs. (4.30)-(4.32), and Fourier transforming
according to Eq. (4.35) gives rise to up to rank-4 two-point integrals:
∫ d4k′
(2pi)4
k′a . . . k′b
(k′2 + m2
k0
)((k′ − k)2 + m2
k0
)
; (4.43)
Calculating 〈S˜iS˜jS˜k〉
The last term to be evaluated is 〈S˜1S˜1S˜2〉. It consists of six-point correlators given by,
〈h(x)h(x′′)δφ(x)δφ(x′′)c¯(x′)c(x′)〉; 〈h(x)h(x′′)δφ(x)δφ(x′′)δφ(x′)δφ(x′)〉;
〈h(x)h(x′′)δφ(x)δφ(x′′)h(x′)h(x′)〉 (4.44)
Again, the last term can be ignored since it has no terms up to O(κ2). And the first term
can be written as 〈h(x)h(x′′)δφ(x)δφ(x′′)〉〈c¯(x′)c(x′)〉, which implies disconnected diagrams
and thus can also be ignored. So, ghost terms only end up in 〈S˜2S˜2〉. Hence, only the second
term needs to be evaluated, which after applying Wick theorem similar to Eq. (4.41) turns
out to be,
〈h(x)h(x′′)δφ(x)δφ(x′′)δφ(x′)δφ(x′)〉 = 〈h(x)h(x′′)〉〈δφ(x)δφ(x′)〉〈δφ(x′)δφ(x′′)〉
+〈h(x)h(x′′)〉〈δφ(x)δφ(x′)〉〈δφ(x′)δφ(x′′)〉,(4.45)
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A typical scalar integral in 〈S˜1S˜1S˜2〉 takes the form,
∫
d4x
∫
d4x′
∫
d4x′′
∫ d4k
(2pi)4
∫ d4k′
(2pi)4
∫ d4k′′
(2pi)4A(x)B(x
′)C(x′′)×
e−ik·(x
′−x)e−ik
′′·(x−x′′)e−ik
′·(x′′−x′)Dφφ(k)Dφφ(k′)Dhh(k′′)
=
∫
d4x
∫ d4p
(2pi)4
∫ d4k
(2pi)4A(x)B˜(p)e
−ip·xC˜(k)e−ik·x
∫ d4k′
(2pi)4 ×
Dφφ(k′ − p− k)Dφφ(k′ − k)Dhh(k′), (4.46)
resulting in scalar and tensor two-, three- and four-point integrals:
∫ d4k′
(2pi)4
k′a . . . k′b
d0d1d2d3
;
∫ d4k′
(2pi)4
k′a . . . k′b
d0d1d2
;
∫ d4k′
(2pi)4
k′a . . . k′b
d0d1
. (4.47)
where,
d0 = (k′ − k)2 + m
2
k0
; d1 = (k′ − k − p)2 + m
2
k0
; d2 = d3 = k′2. (4.48)
There are up to rank-3 four-point integrals in 〈S˜1S˜1S˜2〉, and hence have no divergent part
[138].
Divergent part
In total, there are several thousand terms that eventually add up to give the divergent part
of Eq. (4.34). After solving all the above integrals and extracting their divergent parts using
dimensional regularization, we end up with Fourier transforms B˜(k) (and C˜(p) in case of six-
point functions) with or without factors of ka and/or pa. These expressions are transformed
back to coordinate space as follows:
∫
d4x
∫ d4p
(2pi)4
∫ d4k
(2pi)4A(x)B˜(p)C˜(k)e
−ip·xe−ik·xka . . . kbpµ . . . pν →∫
d4x(i∂µ) . . . (i∂ν)B(x)(i∂a) . . . (i∂b)C(x) (4.49)
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and likewise for other cases including 〈S˜iS˜j〉 and 〈S˜i〉. Substituting these results for the
divergent part in Eq. (4.34), we get,
divp(Γ) =
∫
d4xL
k1m4φ¯2
2k40
+ 3m
4κ2φ¯2
4k20
− m
2λφ¯2
4k30
− 5m
4κ2νφ¯2
8k20
+3m
4κ2ν2φ¯2
16k20
+ k1m
2φ¯φ¯,a,a
2k30
− 3m
2κ2φ¯φ¯,a,a
4k0
+ 17m
2κ2νφ¯φ¯,a,a
16k0
−3m
2κ2ν2φ¯φ¯,a,a
8k0
+ m
2κ2ωφ¯φ¯,a,a
4k0
+ m
2κ2νωφ¯φ¯,a,a
8k0
− 38κ2νφ¯φ¯,a,a,b,b
+ 316κ
2ν2φ¯φ¯,a,a
,b
,b − 14κ2ωφ¯φ¯,a,a,b,b − 18κ2νωφ¯φ¯,a,a,b,b
−3k
2
1m
4φ¯4
256k60pi2
− 3k1m
4κ2φ¯4
32k40pi2
+ k1m
2λφ¯4
16k50pi2
+ m
2κ2λφ¯4
32k30pi2
− λ
2φ¯4
128k40pi2
+ k1m
4κ2νφ¯4
16k40pi2
− 17m
2κ2λνφ¯4
768k30pi2
− 3k1m
4κ2ν2φ¯4
128k40pi2
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+m
2κ2λν2φ¯4
128k30pi2
− 19k
2
1m
2φ¯3φ¯,a,a
128k50pi2
+ k1λφ¯
3φ¯,a,a
64k40pi2
− κ
2λφ¯3φ¯,a,a
64k20pi2
−k1m
2κ2νφ¯3φ¯,a,a
128k30pi2
+ 3κ
2λνφ¯3φ¯,a,a
128k20pi2
− κ
2λν2φ¯3φ¯,a,a
128k20pi2
+ k1m
2κ2ωφ¯3φ¯,a,a
64k30pi2
−κ
2λωφ¯3φ¯,a,a
192k20pi2
− k1m
2κ2νωφ¯3φ¯,a,a
128k30pi2
+ κ
2λνωφ¯3φ¯,a,a
384k20pi2
− 11k
2
1m
2φ¯2φ¯,aφ¯
,a
128k50pi2
−3k1m
2κ2φ¯2φ¯,aφ¯
,a
32k30pi2
− 3k1λφ¯
2φ¯,aφ¯
,a
64k40pi2
+ 5k1m
2κ2νφ¯2φ¯,aφ¯
,a
32k30pi2
+ κ
2λνφ¯2φ¯,aφ¯
,a
256k20pi2
−3k1m
2κ2ν2φ¯2φ¯,aφ¯
,a
64k30pi2
+ 3k1m
2κ2ωφ¯2φ¯,aφ¯
,a
64k30pi2
− κ
2λωφ¯2φ¯,aφ¯
,a
32k20pi2
+ k1m
2κ2νωφ¯2φ¯,aφ¯
,a
128k30pi2
+7k
2
1φ¯
2φ¯,b,b,aφ¯
,a
128k40pi2
+ 5k1κ
2ωφ¯2φ¯,b,b,aφ¯
,a
384k20pi2
− k1κ
2νωφ¯2φ¯,b,b,aφ¯
,a
256k20pi2
− k
2
1φ¯
2φ¯,aφ¯,b,a,b
24k40pi2
−3k1κ
2ωφ¯2φ¯,aφ¯,b,a,b
128k20pi2
− k
2
1φ¯
2φ¯,a,aφ¯
,b
,b
256k40pi2
+ k1κ
2φ¯2φ¯,a,aφ¯
,b
,b
32k20pi2
− 3k1κ
2νφ¯2φ¯,a,aφ¯
,b
,b
64k20pi2
+3k1κ
2ν2φ¯2φ¯,a,aφ¯
,b
,b
128k20pi2
+ k1κ
2ωφ¯2φ¯,a,aφ¯
,b
,b
64k20pi2
− k1κ
2νωφ¯2φ¯,a,aφ¯
,b
,b
128k20pi2
+ k
2
1φ¯φ¯,aφ¯
,aφ¯,b,b
16k40pi2
+k1κ
2φ¯φ¯,aφ¯
,aφ¯,b,b
16k20pi2
− 25k1κ
2νφ¯φ¯,aφ¯
,aφ¯,b,b
256k20pi2
+ 3k1κ
2ν2φ¯φ¯,aφ¯
,aφ¯,b,b
64k20pi2
+ 3k1κ
2ωφ¯φ¯,aφ¯
,aφ¯,b,b
32k20pi2
−k1κ
2νωφ¯φ¯,aφ¯
,aφ¯,b,b
64k20pi2
+ k
2
1φ¯
2φ¯,aφ¯,a
,b
,b
384k40pi2
− k1κ
2ωφ¯2φ¯,aφ¯,a
,b
,b
192k20pi2
− k1κ
2νωφ¯2φ¯,aφ¯,a
,b
,b
256k20pi2
−k
2
1φ¯
3φ¯,a,a
,b
,b
256k40pi2
+ k1κ
2νφ¯,aφ¯
,aφ¯,bφ¯
,b
256k20pi2
− k1κ
2φ¯φ¯,aφ¯,a,bφ¯
,b
16k20pi2
+ k1κ
2νφ¯φ¯,aφ¯,a,bφ¯
,b
128k20pi2
−k1κ
2ωφ¯φ¯,aφ¯,a,bφ¯
,b
16k20pi2
− k
2
1φ¯
2φ¯,a,bφ¯
,a,b
128k40pi2
− k1κ
2φ¯2φ¯,a,bφ¯
,a,b
32k20pi2
− k1κ
2ωφ¯2φ¯,a,bφ¯
,a,b
32k20pi2
 (4.50)
where, L = −1/8pi2 ( = n− 4) as the dimensionality n→ 4. As expected, there are no α
dependent terms. Although not explicitly shown here, factors of 1/α appear in individual
pieces in Eq. (4.34). However, when all contributions are added to evaluate Γ, these terms
cancel so that the final result is gauge-invariant. Final result for divergent part of Γ after
removing bookkeeping parameters (ω → 1, ν → 1) in the Landau gauge (α → 0) leads to
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the covariant corrections:
divp(Γ) =
∫
d4x
[
k1m
4φ¯2
2k40
+ 5m
4κ2φ¯2
16k20
− m
2λφ¯2
4k30
+ k1m
2φ¯φ¯,a,a
2k30
+ 5m
2κ2φ¯φ¯,a,a
16k0
− 916κ2φφ,a,a,b,b −
3k21m4φ¯4
32k60
− 7k1m
4κ2φ¯4
16k40
+ k1m
2λφ¯4
2k50
+ 13m
2κ2λφ¯4
96k30
−λ
2φ¯4
16k40
− 19k
2
1m
2φ¯3φ¯,a,a
16k50
+ k1λφ¯
3φ¯,a,a
8k40
− κ
2λφ¯3φ¯,a,a
48k20
−11k
2
1m
2φ¯2φ¯,aφ¯
,a
16k50
+ 9k1m
2κ2φ¯2φ¯,aφ¯
,a
16k30
− 3k1λφ¯
2φ¯,aφ¯
,a
8k40
− 7κ
2λφ¯2φ¯,aφ¯
,a
32k20
+7k
2
1φ¯
2φ¯,b,b,aφ¯
,a
16k40
+ 7k1κ
2φ¯2φ¯,b,b,aφ¯
,a
96k20
− k
2
1φ¯
2φ¯,aφ¯,b,a,b
3k40
− 3k1κ
2φ¯2φ¯,aφ¯,b,a,b
16k20
−k
2
1φ¯
2φ¯,a,aφ¯
,b
,b
32k40
+ k1κ
2φ¯2φ¯,a,aφ¯
,b
,b
8k20
+ k
2
1φ¯φ¯,aφ¯
,aφ¯,b,b
2k40
+ 23k1κ
2φ¯φ¯,aφ¯
,aφ¯,b,b
32k20
+k
2
1φ¯
2φ¯,aφ¯,a
,b
,b
48k40
− 7k1κ
2φ¯2φ¯,aφ¯,a
,b
,b
96k20
− k
2
1φ¯
3φ¯,a,a
,b
,b
32k40
+ k1κ
2φ¯,aφ¯
,aφ¯,bφ¯
,b
32k20
−15k1κ
2φ¯φ¯,aφ¯,a,bφ¯
,b
16k20
− k
2
1φ¯
2φ¯,a,bφ¯
,a,b
16k40
− k1κ
2φ¯2φ¯,a,bφ¯
,a,b
2k20
]
(4.51)
If instead we turn off the DV connections by setting ν = 0 and choose α = 1, ω = 1, we
recover gauge-dependent results obtained in the past by Steinwachs and Kamenshchik [164],
where they calculated the one-loop divergences for a general scalar-tensor theory that in
the single field limit (with the identifications U = 1, G = K, and V = V/γ4 in their
notations) encompasses the model (4.5). Similarly, in the case k1 = 0, k0 = 1 we recover
the gauge-invariant calculations of Mackay and Toms [105] (excluding cosmological constant
and nonminimal coupling to gravity).
4.3.3 Renormalization and Comparisons
Not all the divergences in Eq. (4.51) can be absorbed by renormalizing the parameters in
the classical action (4.5), particularly the quartic derivatives of φ¯(x), which are absent in the
classical action. However, we need not worry about these UV divergences since the current
framework is an effective theory approach, and we assume that such non-renormalizable
terms are resolved by some high energy theory. For now, we still can construct counterterms
from the classical action functional to absorb corresponding divergent parts, which will in
turn induce 1-loop corrections to the parameters m2
k0
, k1
k20
, λ
k20
of the theory (4.5).
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We start by re-writing Eq. (4.51) in the form,
divp(Γ) = L
∫
d4x(Aφ¯φ¯+Bφ¯2 + Cφ¯4 +Dφ¯2∂µφ¯∂µφ¯) (4.52)
where we have ignored the terms not present in the classical background action. We note
that the terms of the form φ¯3φ¯ in Eq. (4.51) are transformed to −3φ¯2∂µφ¯∂µφ¯ after by-parts
integration. The coefficients A,B,C,D are read off from Eq. (4.51):
A = 5m
2κ2
16k0
+ k1m
2
2k30
;
B = k1m
4
2k40
+ 5m
4κ2
16k20
− m
2λ
4k30
;
C = −3k
2
1m
4
32k60
− 7k1m
4κ2
16k40
+ k1m
2λ2
k50
+ 13m
2κ2λ
96k30
− λ
2
16k40
;
D = 23k
2
1m
2
8k50
+ 9k1m
2κ2
16k30
− 3k1λ4k40
− 5κ
2λ
32k20
. (4.53)
Taking into account the field Renormalization φ¯ → Z1/2φ¯, the classical background La-
grangian reads,
LZ = −12Zφ¯φ¯+
1
2
m2
k0
Zφ¯2 + λ24k20
Z2φ¯4 + 12
k1
k20
Z2φ¯2∂µφ¯∂
µφ¯ (4.54)
Suppose, the renormalized Lagrangian is given in terms of renormalized parameters as fol-
lows,
Lr = −12 φ¯φ¯+
1
2
(
m2
k0
)
r
φ¯2 + 124
(
λ
k20
)
r
φ¯4 + 12
(
k1
k20
)
r
φ¯2∂µφ¯∂
µφ¯ (4.55)
where (·)r represents the renormalized parameter. The counterterm Lagrangian is then
defined as δL = Lr − LZ . Accordingly, the counterterms for field and other parameters are
as follows:
δZ = Z − 1; δ
(
m2
k0
)
= m
2
k0
Z −
(
m2
k0
)
r
;
δ
(
λ
k20
)
= λ
k20
Z2 −
(
λ
k20
)
r
; δ
(
k1
k20
)
= k1
k20
Z2 −
(
k1
k20
)
r
. (4.56)
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These counterterms are fixed by demanding that divp(Γ) = − ∫ d4xδL. With some algebraic
manipulations, the counterterms read,
δZ = − A4pi2 ; δ
(
m2
k0
)
= B4pi2 ;
δ
(
λ
k20
)
= 3C
pi2
; δ
(
k1
k20
)
= D4pi2. (4.57)
Using Eq. (4.57) in (4.56), we find the one-loop corrections to coupling parameters in terms
of the coefficients A,B,C,D,
∆
(
m2
k0
)
= m
2A
4pi2k0
+ B4pi2 ;
∆
(
λ
k20
)
= 3C
pi2
+ λA2pi2k20
; (4.58)
∆
(
k1
k20
)
= k1A2pi2k20
+ D4pi2.
For the sake of comparisons, and also as a crosscheck, we point out that upon choosing
ν = 0, α = 1, ω = 0 in the case k1 = 0, k0 = 1, the gauge-dependent one-loop quantum grav-
itational correction to φ4 theory first calculated by Rodigast and Schuster [102] is recovered:
∆λ = κ24pi2(m
2λ − 3λ2/4κ2). Note that, all gravitational corrections in Eq. (4.58) appear
with a factor of κ, while the ones without it are nongravitational corrections that could in
principle be obtained from flat space quantum field theory. Also, in the gauge covariant
version of the same case (viz. ν = 1, α = 0, ω = 1 with k1 = 0, k0 = 1), our results match
that of Pietrykowski [167].
In a similar spirit, we would like to shed some light on the extensions of the work of Ref.
[105]. There, a self-interacting scalar field with nonminimal coupling to gravity (of the form
ξRφ2/2) was considered and the corresponding field and mass renormalizations were studied.
The action in Ref. [105] matches ours if we put k1 = 0, k0 = 1 and add ξRφ2/2. However,
corrections to quartic coupling including contributions from the nonminimal coupling have
not been calculated so far. Without going into the details (see Appendix D) we present here
the covariant one-loop corrections to quartic coupling λ so as to complete the analysis of
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Ref. [105],
∆λ = 3λ
2
16pi2 +
κ2
pi2
( 9
16m
2λ+ 218 m
2λξ2 − 32m
2λξ
)
. (4.59)
4.4 Effective potential
It is evident from the analysis so far that extracting any more information, in the form of
finite corrections for example, is a cumbersome task. A resolution to this problem lies in
making a reasonable compromise, wherein the derivatives of background fields are ignored
basis the assumption that either the background field is constant due to a symmetry or it is
slowly varying. The resulting effective action is known as effective potential. One of the first
instances of this workaround is the well known Coleman Weinberg potential [8, 168]. This
approximation holds up especially during inflation, where the slow-rolling condition requires
fields to be slowly varying. In this section, we evaluate the effective potential of the theory
(4.5) including finite terms and infer cosmological implications.
We begin by substituting ∂µφ¯ = 0 in Eqs. (4.25)-(4.28), resulting in,
S˜1 =
∫
d4x
[
m2κδφhaaφ¯
2k0
− m
2κνδφhaaφ¯
4k0
]
; (4.60)
S˜2 =
∫
d4x
[
−m
2κ2habh
abφ¯2
8k0
+ m
2κ2haah
b
bφ¯
2
16k0
+ λφ¯
2(δφ)2
4k20
− m
2κ2νφ¯2(δφ)2
8k0
+k1φ¯
2δφ,aδφ
,a
2k20
]
; (4.61)
S˜3 =
∫
d4x
[
κλδφhaaφ¯
3
12k20
− κλνδφh
a
aφ¯
3
24k20
]
; (4.62)
S˜4 =
∫
d4x
[
−κ
2λhabh
abφ¯4
96k20
+ κ
2λhaah
b
bφ¯
4
192k20
− κ
2λνφ¯4(δφ)2
96k20
]
. (4.63)
Using the above expressions in Eq. (4.34) and following the steps outlined in the Sec. 4.3.2,
we obtain the covariant effective potential,
Γeff [φ¯] =
1
8pi2
∫
d4x[A1
1

φ¯2 + A2φ¯2 +B1
1

φ¯4 +B2φ¯4] (4.64)
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where, A1 and B1 are the same as B and C from Eq. (4.53) respectively, and,
A2 = (γ + log(pi))(−k1m
4
4k40
− 5m
4κ2
32k20
+ m
2λ
8k30
) + 3k1m
4
8k40
+ m
4κ2
4k20
− m
2λ
8k30
+(−k1m
4
4k40
− 5m
4κ2
32k20
+ m
2λ
8k30
) log( m
2
k0µ2
)
−1
φ¯
∫ d4k
(2pi)4 e
−ik·x ˜¯φ
3m4κ2 log
(
1 + k0k2
m2
)
32k20
− 3m
6κ2 log
(
1 + k0k2
m2
)
32k30k2
 ; (4.65)
B2 = −9k
2
1m
4
128k60
− 5k1m
4κ2
16k40
+ k1m
2λ
4k50
+ 25m
2κ2λ
192k30
− λ
2
16k40
+(γ + log(pi))(3k
2
1m
4
64k60
+ 7k1m
4κ2
32k40
− k1m
2λ
4k50
− 13m
2κ2λ
192k30
+ λ
2
32k40
)
+(3k
2
1m
4
64k60
+ 5k1m
4κ2
32k40
− k1m
2λ
8k50
− 13m
2κ2λ
192k30
+ λ
2
32k40
) log( m
2
k0µ2
)
− 1
φ¯3
∫ d4k
(2pi)4 e
−ik·x ˜¯3φ
m2κ2λ log
(
1 + k0k2
m2
)
32k30

+ 1
φ¯2
∫ d4k
(2pi)4 e
−ik·x ˜¯2φ
−
m2κ2λ log
( 1+(1+ 4m2
k0k2
)1/2
−1+
(
1+ 4m2
k0k2
)1/2)(1 + 4m2k0k2)1/2
32k30
+
λ2 log
( 1+(1+ 4m2
k0k2
)1/2
−1+
(
1+ 4m2
k0k2
)1/2)(1 + 4m2k0k2)1/2
32k40
− m
4κ2λ log
(
1 + k0k2
m2
)
32k40k2
+
k21 arctan
(
k
1/2
0 k(
4m2−k0k2
)1/2)k3(4m2 − k0k2)1/2
64k9/20

+ 1
φ¯
∫ d4p
(2pi)4 e
−ip·x ˜¯φ
3k1m4κ2 log
( 1+(1+ 4m2
k0p2
)1/2
−1+
(
1+ 4m2
k0p2
)1/2)(1 + 4m2k0p2)1/2
32k40
. (4.66)
The logarithmic terms appearing in expressions above are dealt with as follows. In the
context of the present problem and the effective theory treatment, we restrict ourselves to
the condition k  10−6Mp so that k0k2m2  1 (more on this later) using the order-of-magnitude
estimates of parameters in Eq. (4.6) from the results of [147]. Hence, logs involving this
fraction can be expanded in a Taylor series. On the other hand,
√
1 + m2
k0k2
≈
√
m2
k0k2
. For
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the arctan(· · · ) term, we use arctan(x) ≈ x for small x. After these expansions, all terms
with factors of k will vanish since we assume the derivatives of φ¯ to be zero. Hence, all
the integrands of momenta integrals in Eqs. (4.65,4.66) reduce to c-numbers times Fourier
transforms of φ¯n. Using these simplifications, the coefficients A2 and B2 are obtained as,
A2 = (γ + log(pi))(−k1m
4
4k40
− 5m
4κ2
32k20
+ m
2λ
8k30
) + 3k1m
4
8k40
+ m
4κ2
4k20
− m
2λ
8k30
+3m
4κ2
32k20
+ (−k1m
4
4k40
− 5m
4κ2
32k20
+ m
2λ
8k30
) log( m
2
k0µ2
);
B2 = −9k
2
1m
4
128k60
− 5k1m
4κ2
16k40
+ k1m
2λ
4k50
+ 25m
2κ2λ
192k30
− λ
2
16k40
−m
2κ2λ
32k30
+ λ
2
32k40
− m
2κ2λ
32k30
+ 3k1m
4κ2
32k40
+(γ + log(pi))(3k
2
1m
4
64k60
+ 7k1m
4κ2
32k40
− k1m
2λ
4k50
− 13m
2κ2λ
192k30
+ λ
2
32k40
)
+(3k
2
1m
4
64k60
+ 5k1m
4κ2
32k40
− k1m
2λ
8k50
− 13m
2κ2λ
192k30
+ λ
2
32k40
) log( m
2
k0µ2
) (4.67)
The counterterms for quadratic and quartic terms have a similar form to Eq. (4.57), so
that the effective potential can be written in terms of renormalized parameters which can
be calculated from Eq. (4.58) with A = 0. The effective action takes the form,
Veff =
1
2
m2
k0
φ¯2 + 14!
λ
k20
φ¯4 + A2φ¯2 +B2φ¯4. (4.68)
4.4.1 Estimating the magnitude of corrections
Making a definitive statement about cosmological implications of quantum corrected poten-
tial requires an analysis in the FRW background, which unfortunately is out of scope of the
present work. However, we can get an order-of-magnitude estimate of the quantum correc-
tions to the effective potential using the values of parameters k0, k1,m2, λ from the results
of Ref. [147].
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From the action (4.5), the Einstein equations are given by,
3H2 = κ
2
8
(
−3 ˙¯φ2 − 3k1
k20
φ¯2 ˙¯φ2 + m
2
k0
φ¯2 + λ12k20
φ¯4
)
;
2H˙ + 3H2 = κ
2
8
(
− ˙¯φ2 − k1
k20
φ¯2 ˙¯φ2 + m
2
k0
φ¯2 + λ12k20
φ¯4
)
, (4.69)
from which we obtain in the de-Sitter limit (H˙ ∼ φ˙ ∼ 0),
3H2 = κ
2
8
(
m2
k0
φ¯2 + λ12k20
φ¯4
)
. (4.70)
The field equation for φ¯ reads,
(a+ k1
k20
φ¯2) ¨¯φ+ k1
k20
φ¯ ˙¯φ2 + (3aH + 2k1
k20
Hφ¯2) ˙¯φ− m
2
k0
φ¯− λ6k20
φ¯3 = 0. (4.71)
Applying the de-Sitter conditions, Eq. (4.71) yields the de-Sitter value of φ¯,
φ¯20 = −
6k0m2
λ
. (4.72)
Using Eq. (4.72) in (4.70), we find the de-Sitter value of Hubble parameter H0:
H20 = −
κ2m4
8λ . (4.73)
Clearly, the condition for existence of de-Sitter solutions is λ < 0. Demanding this condition
in Eq. (4.6), along with m2 > 0 and φ¯ < f , leads to a constraint on the parameter α of
the original theory (4.2): 0.5 < α . 1. Following the results of [147], we choose 0.5 . α .
0.6 ∼ O(1). Near this value of α, f ∼ Mp = 1/κ and Λ ∼ 1016GeV . Substituting these in
Eqs. (4.6), we find m2 ∼ Λ4/f 2 ∼ 10−12M2p ; λ ∼ Λ4/f 4 ∼ 10−12. Similarly, k0 ∼ 1 while
k1 ∼ M−2p . This also implies that in the low energy limit where momenta k  1013 GeV
Mp, k1k2/k20  λ/k20, i.e. the derivative coupling term is suppressed.
From the above, we can estimate the order of magnitude contributions of terms in A2
and B2 at O(φ¯2) and O(φ¯4) respectively. We estimate the magnitude of each type of term
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present at both orders. At quadratic order in background field, we find,
κ2m4
k20
∼ λm
2
k30
∼ k1m
4
k40
∼ 1014GeV 2. (4.74)
Similarly, at quartic order in background field,
κ2m4k1
k40
∼ κ
2m2λ
k30
∼ λ
2
k40
∼ m
4k21
k60
∼ k1m
2λ
k50
∼ 10−24. (4.75)
Quite an interesting observation here is that the magnitudes of gravitational (terms with
a factor of κ2) and non-gravitational (terms without κ) corrections turn out to be exactly
the same for both quadratic and quartic order contributions. However, the corresponding
quantum corrections are expectedly smaller by an order of 10−12 compared to m2 and λ, as
can also be checked using the loop counting parameter for de Sitter inflation H20/M2Pl with
H0 ∼ 1013GeV and MPl ∼ 1019GeV .
4.5 Summary
The nonminimal natural inflation model in consideration here is approximately described by
a massive scalar field model with quartic self interaction and a derivative coupling in the
region where φ/f < 1. We study one-loop corrections to this theory, about a Minkowski
background, using a covariant effective action approach developed by DeWitt-Vilkovisky.
The one-loop divergences and corresponding counterterms have been obtained. Along the
way, we also recover several past results, both gauge-invariant non-gauge-invariant, for sim-
ilar theories. In one such exercise, we obtain the φ4 coupling correction in a theory with
nonminimal coupling of scalar field to gravity, originally considered in Ref. [105] and thereby
extend their result.
Finite corrections have been taken into account for the calculation of effective potential,
where we assume that the background field changes sufficiently slowly so that all derivatives
of background field(s) can be ignored. Although cosmologically relevant inferences are not
feasible as long as the metric background is Minkowski and not FRW, we can still estimate
approximately the magnitudes of quantum corrections. Using the range of parameters ap-
plicable to our model, we find that the gravitational and non-gravitational corrections are
77
Chapter 4. Covariant Quantum Corrections to a Scalar Field Model Inspired by
Nonminimal Natural Inflation
of same order of magnitudes, while still being expectedly small compared to m2 and λ.
This is quite an interesting observation, since one would naively assume that gravita-
tional corrections are κ2 suppressed and thus would necessarily be small. There is thus
enough motivation to go a step further, and calculate gravitational corrections in the FRW
background so that cosmologically relevant inferences can be derived.
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In this thesis, we used the DeWitt-Vilkovisky’s (DV) covariant effective action formalism that
is gauge invariant and background field invariant, to study formal and quantum gravitational
aspects of quantum fields in curved spacetime.
We systematically developed perturbative computation of one-loop effective action in a
series of steps. First, we generalized the formalism to include quantization of rank-2 anti-
symmetric tensor and similar theories where gauge parameters have additional symmetries.
We presented a geometric interpretation of quantization procedure for theories where gauge
parameters are linearly dependent, which is simpler and more evolved than the traditional
procedure followed in previous works viz. [6] and [56]. Specifically, we generalized the calcu-
lation of ghost determinant using the geometric picture and solved the problem of degeneracy
in the ghost determinant. This led to a general formula of covariant effective action that can
be applied to any theory with or without linearly dependent gauge parameters (for instance,
rank-2 and higher antisymmetric tensor field which has this problem).
Second, we developed one-loop computation including classical metric perturbations
through an application to antisymmetric tensor with spontaneous Lorentz violation. We
explicitly showed using a perturbative application of DeWitt-Vilkovisky method that quan-
tum equivalence of massive antisymmetric theory with a massive vector theory breaks down
in presence of spontaneous Lorentz violating potential, validating inferences from a past re-
sult [55]. The use of conventional approaches like the proper-time (or heat kernel) method is
not straightforward in this case because of nonminimal operators in functional determinants,
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so we calculated the one-loop effective action perturbatively in a nearly flat spacetime.
In the third and final part of the thesis, we focus on the cosmological applications of DV
method by including quantum gravitational corrections. We calculated one-loop effective
action perturbatively for a scalar field model inspired by a recently proposed nonminimal
natural inflation model [147] in Minkowski background up to quartic order in background
fields using xAct package for Mathematica. The advantage of perturbative approach is the
ease in implementation as a code and its scope for generalizing to other models while still
producing correct results at a given order. For instance, quartic order calculations involve
dealing with thousands of terms and performing loop integrals on each of them. In do-
ing so, we obtained both gauge-dependent and gauge-invariant versions of corrections to
φ4 coupling’s β−function and confirmed several past results obtained using different meth-
ods. We also found that the gravitational and non-gravitational corrections to the effective
potential are of the same orders of magnitude. This result is quite interesting, since one
would naively assume gravitational (one-loop) corrections to be Planck-mass-squared sup-
pressed. Of course, due to the Minkowski background, our calculations do not include the
contributions from Ricci correction terms that in principle appear in the one-loop effective
action.
The method utilized in this work is quite general in its applicability, and these calculations
can be easily extended to calculate one-loop corrections at higher order in background fields
including antisymmetric tensors in future. There is thus scope in near future for continued
development of the existing one-loop code to include FRW background so that cosmolog-
ically relevant computations can finally be made. Applications will include building upon
the cosmological aspects of antisymmetric tensor fields, and several comparative studies in-
volving different formulations of gravity. Moreover, several comparative theoretical studies
can be performed to establish and compare existing alternative approaches like diagrammatic
calculations and a recently developed gravitational quantum field theory formalism [169,170].
A few short term projects are also part of our future plans. For example, there is still
considerable debate about gravitational corrections to beta function. Gauge dependent cor-
rections to φ4 beta functions were first obtained in [102]. A gauge invariant result was
obtained in [167]. Later, in [171] it was claimed that gravitational corrections have no phys-
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ical significance because field redefinitions can cause the beta functions to vanish. However,
in the DV approach one should be able to obtain beta functions that are also invariant under
field redefinitions. Hence, an investigation using DV approach will likely settle the debate
on gravitational corrections to φ4 coupling. Similarly, a second problem of interest is that of
quantum corrections to Newtonian potential. Donoghue and collaborators in a long series of
papers calculated corrections to Newtonian potential in Minkowski background from Feyn-
man diagrams involving graviton loops (final results in [98]). However, gauge (in)dependence
of these corrections have not yet been explicitly checked. First step towards this was un-
dertaken in [172,173] where (gauge-dependent) effective action was calculated partially. We
plan to complete this analysis in a series of steps: (i) calculating gauge-dependent one-
loop effective action while quantizing matter field and reproduce diagrammatic results; (ii)
Finding corrections to Newtonian potential from each term in the effective action; and (ii)
calculating gauge invariant effective action using the heat kernel method followed by gauge
invariant corrections to Newtonian potential. This analysis will unambiguously establish the
results for corrections to Newtonian potential.
A third research direction in the long term, building upon the progress through this
thesis, is to work towards identifying possible quantum gravity candidate signals, including
but not limited to Lorentz violation, using observations as well as laboratory experiments.
Detection of Lorentz violation is vital for developing effective theories such as SME. Since
these corrections are expected to be Planck suppressed, it is interesting to study Lorentz
violation in cosmological context so that future high-precision cosmological probes can be
used for its detection1.
1In fact, there is a lot to be done in the gravity sector as can be inferred from the complete database of
known results documented in [174]
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Appendix A
Projection operators for Bµν
The basic projection operators for an antisymmetric tensor are defined as [175],
P
(1)
µν,αβ =
1
2(θµαθνβ − θµβθνα),
P
(2)
µν,αβ =
1
4(θµαωνβ − θναωµβ − θµβωνα + θνβωµα),
(A.1)
where,
θµν = ηµν − ωµν , ωµν = ∂µ∂ν , (A.2)
are the longitudinal and transverse projection operators along the momentum. To account
for the Lorentz violation induced by nonzero vev, four new operators need to be introduced
as follows [41]:
P
(3)
µν,αβ = P⊥µν,αβ, (A.3)
P
(4)
µν,αβ =
1
2
(
ωµλ P
‖
νλ,αβ − ωνλ P ‖µλ,αβ
)
, (A.4)
P
(5)
µν,αβ =
1
2
(
ωαλ P
‖
µν,βλ − ωβλ P ‖µν,αλ
)
, (A.5)
P
(6)
µν,αβ =
1
4
(
ωµα P
‖
νρ,βσ ω
ρσ − ωνα P ‖µρ,βσ ωρσ
− ωµβ P ‖νρ,ασ ωρσ + ωνβ P ‖µρ,ασ ωρσ
)
. (A.6)
The operators P (1)µν,αβ, · · · , P (6)µν,αβ obey a closed algebra [41].
The identity element is given by,
Iµν,αβ = 12(ηµαηνβ − ηµβηνα) =
[
P (1) + P (2)
]
µν,αβ
. (A.7)
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Appendix B
Effective Action for Antisymmetric
Tensor with Spontaneous Lorentz
violation in operator form
Following the method developed in Ref. [111], the calculation of ghost determinants proceeds
as follows. We rewrite χξν as,
χξν [B
µν
ξν
, Cµξν ] = χξν [B
µν , Cµ, ξν ,Λ, χˇψ], (B.1)
which yields,
χξν = nµνnρσ∇µBρσ + αCν + 2nµνnρσ∇µ∇ρξσ +∇ν∇µξµ − α2ξν −∇νχˇψ. (B.2)
Then, using the definition of Q′ξµξν , we get
Q′ξνξα =
(
δχξν
δξα
)
ξµ=0
= 2nµνnρα∇µ∇ρ +∇ν∇α − α2δνα. (B.3)
A straightforward calculation leads to other non-zero components of ghost determinant,
Q′ΛΛ =
δχΛ
δΛ = x − α
2 (B.4)
Qˇψψ ≡
δχˇψ
δψ
= x − α2 (B.5)
99
Appendix B. Effective Action for Antisymmetric Tensor with Spontaneous Lorentz
violation in operator form
Using the definition of effective action obtained in [111],
exp(iΓ[B¯, C¯]) =
∫ ∏
µ
dCµ
∏
ρσ
dBρσ
∏
x
dΦ det(Q′ΛΛ ) det(Q
′ξν
ξα
)(det Qˇψψ)−1 ×
exp
i
∫ dvxLGF2
+ (B¯µν −Bµν) δ
δB¯µν
Γ[B¯, C¯]
+(C¯µ − Cµ) δ
δC¯µ
Γ[B¯, C¯]
}
, (B.6)
The 1-loop effective action is obtained as,
Γ(1)2 =
i~
2
[
ln det(D2 − α2nµνnρσ)− ln det(D1 − α2) + ln det(x − α2)
]
(B.7)
where,
D2
µν
ρσB
ρσ ≡ ∇α∇αBµν +∇α∇µBνα +∇α∇νBαµ + 2nµνnρσnασnβγ∇ρ∇αBβγ,
D1
µ
νC
ν ≡ 2nνµnρσ∇ν∇ρCσ +∇µ∇νCν . (B.8)
It is to be noted that the coefficient of α2 in the first term in Eq. (B.7) ensures that massive
modes correspond to field components along vacuum expectation tensor nµν and massless
modes correspond to transverse components. An interesting observation here is the last
term, which is unaffected by nµν . In case of no SLV, the last term causes the quantum
discontinuity when going from massive to massless case [56].
To compare Eq. (B.7) with the effective action of classically equivalent Lagrangian, the
Lagrangian in (3.54) is treated with the Stückelberg procedure to obtain,
L˜1 = 14
(
n˜µνF
µν
)2
− 12α
2(Cµ +
1
α
∇µΦ)2 (B.9)
The above Lagrangian is invariant under transformations,
Cµ −→ Cµ +∇µΛ, Φ −→ Φ− αΛ. (B.10)
With the gauge condition Eq. (3.15), the gauge fixed Lagrangian reads,
L˜GF1 =
1
2CµD1C
µ − 12α
2CµC
µ + 12Φ(x − α
2)Φ. (B.11)
where,
D1Cµ = −2n˜νµn˜ρσ∇ν∇ρCσ +∇µ∇νCν . (B.12)
It is straightforward to check that the 1-loop effective action is,
Γ(1)1 =
i~
2
[
ln det(D1 − α2)− ln det(x − α2)
]
. (B.13)
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Similar to Eq. (B.7), the scalar term is unaffected by nµν and the operator D1 possesses a
non-trivial structure. The expression for D1 has a striking resemblance to that of D1, which
has opposite sign in the first term and nµν instead of n˜µν .
B.1 The Problem with Quantum Equivalence
To compare Eqs. (B.7) and (B.13), we define the difference in 1-loop effective actions given
by,
∆Γ = Γ(1)2 − Γ(1)1
= i~2
[
ln det(D2 − α2nµνnρσ)− ln det(D1 − α2)− ln det(D1 − α2)
+2 ln det(x − α2)
]
. (B.14)
In contrast, the corresponding difference in 1-loop effective action in the case of massive
antisymmetric and vector fields, with mass m, with no spontaneous Lorentz violation is
given by [54],
∆Γ′ = i~2
[
ln det(2 −m2)− 2 ln det(1 −m2) + 2 ln det(x −m2)
]
, (B.15)
where,
2Bµν = xBµν − [∇ρ,∇ν ]Bµρ − [∇ρ,∇µ]Bρν ,
1Cµ = xCν − [∇ν ,∇µ]Cµ. (B.16)
This comparison between cases with and without SLV is quite insightful, because it helps in
understanding how the functional operators change due to the presence of Lorentz violating
terms. In the later case, the operator for Stückelberg vector field and that for vector field of
equivalent Lagrangian are equal, while in the former case they are not, as was noted earlier.
Moreover, operators in Eq. (B.14) do not contain the commutator terms due to presence of
nµν , and hence do not simplify in flat spacetime unlike their counterparts in Eq. (B.15).
In flat spacetime, it can be explicitly checked that Eq. (B.15) vanishes, taking into
account the number of independent components of respective fields (eight, four and one
for antisymmetric, vector and scalar fields respectively), because the commutators in Eq.
(B.16) vanish and hence the operators 2, 1, and x are identical. Inferring quantum
equivalence is thus trivial. However, this is clearly not the case in Eq. (B.14) due to the
non-trivial structure of operators D2 and D1. This can be demonstrated in a rather simple
example when a special choice of tensor nµν is considered. It can be shown that in Minkowski
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spacetime, nµν can be chosen to have a special form
nµν =

0 −a 0 0
a 0 0 0
0 0 0 b
0 0 −b 0

, (B.17)
where a and b are real numbers, provided at least one of the quantities x1 ≡ −2(a2 − b2)
and x2 ≡ 4ab are non-zero [40]. For simplicity, and dictated by the requirements for non-
trivial monopole solutions [133], we may choose b = 0. Further, the constraint nµνnµν = 1
implies that a = 1/
√
2. Therefore, the only non-zero components of nµν are n10 = 1/
√
2
and n01 = −1/
√
2. For the dual tensor n˜µν , the non-zero components are n˜32 = −1/
√
2
and n˜23 = 1/
√
2. Substituting in Eqs. (B.8) and (B.12), one obtains, for the non-zero
components of nµν and n˜µν ,
D1C
2 = ∂22C2 − ∂23C2 + 2∂3∂2C3 + ∂2∂iCi,
D1C
3 = −∂22C3 + ∂23C3 + 2∂3∂2C2 + ∂3∂iCi,
D1C
0 = ∂20C0 + ∂21C0 + ∂0∂jCj, (B.18)
D1C
1 = ∂20C1 + ∂21C1 + ∂1∂jCj,
D2B
10 = xB10 + ∂j
(
∂1B
0j + ∂0Bj1
)
= −D2B01,
where, j = 2, 3 and i = 0, 1. The remaining components of operators D2, D1 and D1 are
given by,
D2B
jk = xBjk + ∂µ∂jBkµ + ∂µ∂kBµj, Bjk 6= B10
D1C
l = ∂l∂νCν , l = 2, 3 (B.19)
D1C
k = ∂k∂νCν , k = 0, 1.
An interesting feature here, compared to the case of Eq. (B.15), is that Eqs. (B.18) and
(B.19) substituted in Eq. (B.14) show explicitly that ∆Γ does not vanish. However, func-
tional determinants in Eq. (B.14) do not have field dependence and can only contribute
as infinite (regularization-dependent) constants [176, 177]. Hence, each determinant in Eq.
(B.14) can be normalized to identity and will thus be equal to each other. And once again,
taking into account the degrees of freedom of corresponding tensor, vector and scalar fields,
similar to Eq. (B.15), they will cancel for all physical processes. This proves the quantum
equivalence of theories (B.7) and (B.13) in flat spacetime.
102
Appendix C
Loop Integrals
Most of the loop integrals are calculated using the well known PV reduction method [138].
Some integrals, namely (C.10,C.11) are calculated the general method outlined in Ref. [165].
Finite parts have been calculated for integrals needed for evaluating the effective potential.
Integrals in 〈S˜2〉,〈S˜4〉:
∫ d4k
(2pi)4
kµkν
k2 + m2
k0
= gµν16pi2
(
m4
8k20
− m
4
(
−1− 2

+ γ + log(pi) + log( m2
k0µ2
)
)
4k20
)
(C.1)
∫ d4k
(2pi)4
kµ
k2 + m2
k0
= 0 (C.2)
∫ d4k
(2pi)4
1
k2 + m2
k0
= 116pi2
m2
(
−1− 2

+ γ + log(pi) + log( m2
k0µ2
)
)
k0
(C.3)
Integrals in 〈S˜1S˜1〉, 〈S˜1S˜3〉:∫ d4k′
(2pi)4
k′µk′ν
k′4((k′ − k)2 + m2
k0
)
= 116pi2
(
1
4g
µν
(2

− γ − log(pi)
)
+
kµkν
(
1
2
(
2

− γ − log(pi)
)
+ 12
(
−2

+ γ + log(pi)
))
2k2
)
(C.4)
∫ d4k′
(2pi)4
k′µk′ν
k′2((k′ − k)2 + m2
k0
)
= 116pi2
1
3k
µkν
(2

− γ − log(pi)
)
−14gµν
(2

− γ − log(pi)
)(m2
k0
+ 13k
2
)
(C.5)
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∫ d4k′
(2pi)4
k′µ
k′2((k′ − k)2 + m2
k0
)
= 116pi2
kµ
2 (
2

− γ − log(pi)) (C.6)
∫ d4k′
(2pi)4
k′2
((k′ − k)2 + m2
k0
)
= 116pi2
4(m48k20 −
m4
(
−1− 2

+ γ + log(pi) + log( m2
k0µ2
)
)
4k20
)
+
m2
(
−1− 2

+ γ + log(pi) + log( m2
k0µ2
)
)
(k2)
k0
 (C.7)
∫ d4k′
(2pi)4
1
k′2((k′ − k)2 + m2
k0
)
= 116pi2
(
2 + 2

− γ − log(pi)− log( m
2
k0µ2
)
− log
(
1 + k0(k
2)
m2
)(
1 + m
2
k0(k2)
))
(C.8)
∫ d4k′
(2pi)4
1
((k′ − k)2 + m2
k0
)
= 116pi2
m2
(
−1− 2

+ γ + log(pi) + log( m2
k0µ2
)
)
k0
(C.9)
Integrals in 〈S˜2S˜2〉:
∫ d4k′
(2pi)4
k′4
(k′2 + m2
k0
)((k′ − k)2 + m2
k0
)
= 116pi2
 9m4
16k20
+ 3m
4
4k20
− 3m
4γ
8k20
− 3m
4 log(pi)
8k20
−3m
4 log( m2
k0µ2
)
8k20
+ 7m
2(k2)
8k0
+ 7m
2(k2)
4k0
−7m
2γ(k2)
8k0
− 7m
2 log(pi)(k2)
8k0
− 7m
2 log( m2
k0µ2
)(k2)
8k0
+ 18(k
2)2
+(k
2)2
8 −
1
16γ(k
2)2 − 116 log(pi)(k2)2 − 116 log(
m2
k0µ2
)(k2)2
−
arctan
(
k
1/2
0 (k2)1/2(
4m2−k0(k2)
)1/2)(k2)3/2(4m2 − k0(k2))1/2
8k1/20
 (C.10)
∫ d4k′
(2pi)4
k′2k′µ
(k′2 + m2
k0
)((k′ − k)2 + m2
k0
)
= − 116pi2 (
2

− γ − log(pi))3m
2
2k0
kµ (C.11)
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∫ d4k′
(2pi)4
k′µk′ν
(k′2 + m2
k0
)((k′ − k)2 + m2
k0
)
= 116pi2
gµν
(
m2
(
−1− 2

+ γ + log(pi) + log( m2
k0µ2
)
)
6k0
+ 118
(
−6m
2
k0
− (k2)
)
−
(
2

− γ − log(pi)
)(
2m4
k20
+ (k2)2 − 2
(
m4
k20
− 2m2(k2)
k0
))
12(k2)
)
+kx1kx2
(
m2
(
−1− 2

+ γ + log(pi) + log( m2
k0µ2
)
)
3k0(k2)
+
6m2
k0
+ (k2)
18(k2)
+
(
2

− γ − log(pi)
)(
2m4
k20
− 3m2(k2)
k0
+ (k2)2 − 2
(
m4
k20
− 2m2(k2)
k0
))
3(k2)2
)
(C.12)
∫ d4k′
(2pi)4
k′µ
(k′2 + m2
k0
)((k′ − k)2 + m2
k0
)
= − 116pi2k
µ1
2
(
− 2

+ γ + log(pi)
)
(C.13)
∫ d4k′
(2pi)4
1
(k′2 + m2
k0
)((k′ − k)2 + m2
k0
)
= 116pi2
(
2 + 2

− γ − log(pi)− log( m
2
k0µ2
)
− log
( 1 + (1 + 4m2
k0(k2)
)1/2
−1 +
(
1 + 4m2
k0(k2)
)1/2
)(
1 + 4m
2
k0(k2)
)1/2)
(C.14)
Integrals of type (C.12,C.13,C.14) are also present in 〈S˜1S˜1S˜2〉. The rest of the integrals are,∫ d4k′
(2pi)4
k′µk′νk′ρ
d0d1d2
= 116pi2
1
12
(2

− γ − log(pi)
)
×(gνρ(2kµ + pµ) + gρµ(2kν + pν) + gµν(2kρ + pρ) (C.15)∫ d4k′
(2pi)4
k′µk′ν
d0d1d2
= 116pi2 g
µν
(2

− γ − log(pi)
)
(C.16)
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Appendix D
One-loop corrections to scalar field
model with nonminimal coupling to
gravity
In this appendix, we present the essential steps while calculating the divergent part of a
scalar theory with non-minimal coupling to gravity. The contributions to divp(Γ) at quartic
order in background scalar field, including nonminimal coupling (ξ) terms, have not been
reported before. The final result Eq. (D.6) serves as the extension of results of Ref. [105].
The perturbative expansion of action S[φ] in terms of the order of background field, φ¯,
is obtained as1,
S0 = 12m
2(δφ)2 + 12δφ,aδφ
,a − 2c¯
aca
,b
,b
κ
+ habhac,b,c
−h
abha
c
,b,c
α
− haahbc,b,c + h
a
ah
bc
,b,c
α
− 12habhab,c,c
+12h
a
ah
b
b
,c
,c − h
a
ah
b
b
,c
,c
4α (D.1)
S1 = 12m
2κδφhaaφ¯− 14m2κνδφhaaφ¯− 12κδφhbbφ¯,a,a + 14κνδφhbbφ¯,a,a
−12κδφhbb,aφ¯,a +
κωδφhbb,aφ¯
,a
2α + κδφhabφ¯
,a,b
+κδφφ¯,ahab,b − κωδφφ¯
,aha
b
,b
α
+ κξδφφ¯hab,a,b − κξδφφ¯haa,b,b; (D.2)
1ν and ω are the bookkeeping parameters as usual.
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S2 = −18m2κ2habhabφ¯2 + 116m2κ2haahbbφ¯2 + 14λφ¯2(δφ)2 − 18m2κ2νφ¯2(δφ)2
−18κ2νξhbchbcφ¯φ¯,a,a + 116κ2νξhbbhccφ¯φ¯,a,a + 38κ2νξφ¯(δφ)2φ¯,a,a − 18κ2hbchbcφ¯,aφ¯,a
+ 116κ
2νhbch
bcφ¯,aφ¯
,a − 18κ2νξhbchbcφ¯,aφ¯,a + 116κ2hbbhccφ¯,aφ¯,a − 132κ2νhbbhccφ¯,aφ¯,a
+ 116κ
2νξhbbh
c
cφ¯,aφ¯
,a − 116κ2ν(δφ)2φ¯,aφ¯,a + 38κ2νξ(δφ)2φ¯,aφ¯,a +
κ2ω2(δφ)2φ¯,aφ¯,a
4α
+ωcac¯bφ¯,aφ¯,b + 12κ
2ξhabφ¯2hcc,a,b − 18κ2ξφ¯2hcc,bhaa,b + 12κ2hachbcφ¯,aφ¯,b
−14κ2νhachbcφ¯,aφ¯,b + 12κ2νξhachbcφ¯,aφ¯,b − 14κ2habhccφ¯,aφ¯,b + 18κ2νhabhccφ¯,aφ¯,b
−14κ2νξhabhccφ¯,aφ¯,b − 12κ2ξφ¯2hab,ahbc,c + 12κ2ξφ¯2haa,bhbc,c − κ2ξhabφ¯2hac,b,c
+14κ
2ξhaaφ¯
2hbc,b,c + 12κ
2νξha
chabφ¯φ¯,b,c − 14κ2νξhaahbcφ¯φ¯,b,c + 12κ2ξhabφ¯2hab,c,c
−14κ2ξhaaφ¯2hbb,c,c − 14κ2ξφ¯2hac,bhab,c + 38κ2ξφ¯2hab,chab,c; (D.3)
S3 = 112κλδφh
a
aφ¯
3 − 124κλνδφhaaφ¯3; (D.4)
S4 = − 196κ2λhabhabφ¯4 + 1192κ2λhaahbbφ¯4 − 196κ2λνφ¯4(δφ)2. (D.5)
The propagators derived from S0 have similar form as Eqs. (4.16) and (4.17), with
appropriate parameters. With manipulations similar to the one carried out in Chap. 4,
we finally find the divergent part of one-loop effective potential, which contributes to the
corrections to φ¯4 coupling:
divp(Γ) = 516m
4κ2φ¯2 − 14m2λφ¯2 − 34m4κ2ξφ¯2 + 34m4κ2ξ2φ¯2
+1396m
2κ2λφ
4 − 116λ2φ
4 − 12m2κ2λξφ
4 + 34m
2κ2λξ2φ
4 (D.6)
Reading off the coefficients A and C from Eq. (D.6), similar to Eq. (4.53) and using Eq.
(4.58), we obtain ∆λ, given by Eq. (4.59).
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